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Abstract

In this work, we present an approach to approximating a solution to the
Pseudo-Two-dimensional (P2D) electrochemical model for lithium ions cells.
In doing so, we will use Physics-Informed Neural Networks (PINNs). PINNs is
a training technique for artificial neural networks, which takes into account the
PDE of interest. To do so, the PDE is evaluated by the means of automatic
differentiation mechanism in selected discrete points of the domain, before
being inserted inside the loss function, which in turn can be used to train the
neural network by back-propagation. We show that the approach of using
PINNs to approximate the solution of the P2D model is valid by exhibiting
promising results, paving the way to the use of hybrid methods (both empirical
and model based) in Battery Management Systems.

Kurzfassung

In dieser Arbeit stellen wir einen Ansatz zur Anndherung an eine Losung
fiir das Pseudo-Zweidimensionale (P2D) elektrochemische Modell fiir Lithium-
Ionen-Zellen vor. Dabei werden wir Physics-Informed Neural Networks (PINNs)
verwenden. PINNs ist eine Trainingstechnik fiir kiinstliche neuronale Netze,
die die PDE von Interesse beriicksichtigt. Zu diesem Zweck wird die PDE tiber
automatisches Differenzierenmechanismus in ausgewéahlten diskreten Punkten
der Doméne berechnet, bevor sie in die Verlustfunktion eingefiigt wird, die
wiederum zum Trainieren des neuronalen Netzes durch Back-Propagation ver-
wendet werden kann. Wir zeigen, dass der Ansatz der Verwendung von PINNs
zur Anndherung an die Losung des P2D-Modells giiltig ist, indem wir vielver-
sprechende Ergebnisse zeigen, die den Weg fiir den Einsatz von hybriden Meth-
oden (sowohl empirisch als auch modellbasiert) in Batteriemanagementsyste-
men ebnen.



1. Introduction

1. Introduction

Against the backdrop of the need to transform the economy in order to achieve carbon
neutrality, and in particular the growing popularity of electric vehicles, lithium-ion batter-
ies are proving to be essential energy storage allies. Nevertheless, major challenges remain
in terms of predictability and optimal control of the behavior of these technologies. In
addition to materials research, a major part of battery research is thus focused on the des-
ignation of algorithmic monitors and controllers, known as Battery Management Systems
(BMS). More specifically (See et al., 2022; Ramkumar et al., 2022), a BMS measures a
number of characteristic quantities of the battery (temperature, state of charge, state of
health, etc.) from which it will control the battery’s operation (charge balance between
cells, applied charge/discharge currents, etc.) in order to best satisfy the user’s needs,
while striving to guarantee safety of use and to preserve the battery as far as possible from
the various problems it may face (overheating, calendar or cycling aging, etc.). Beyond
hardware controllers and sensors, different algorithm approaches exist, some relying on
completely empirical models, using the history of data produced by the battery to predict
its future behavior, others using simplified physical models to assess the collected data
and extract useful information.

In this master thesis, we propose to pave a first step into providing a unified approach,
drawing on the benefits of both empirical and model based approaches via the use of
deep neural networks (LeCun et al., 2015), combined with a set of promising training
techniques, the so called “Physics-Informed Neural Networks” (PINNs : Raissi et al. 2019;
Karniadakis et al. 2021).

In Section 2, we describe the Pseudo-Two-Dimensional (P2D) equations, modelling
the electrochemical reactions taking place inside inside a lithium ions battery Cell, by
mentioning the main physical laws from which these equations are derived.

In Section 3, we introduce Neural Networks (NNs) and Physics Informed Neural Net-
works (PINNs), first in an abstract mathematical framework, before deriving an approx-
imating framework, and mentioning some algorithmic and practical insights.

In Section 4, we depict an effective implementation of the PINN framework applied
to the P2D model, and show that the solution is correctly approximated with Dirichlet
boundary conditions compared to the baseline from Torchio et al. (2016). We then show
that solutions with actual Neumann and interface’s boundary conditions do not work
as such, even for short timescales, indicating that new research directions need to be
investigated.
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2. The Pseudo-Two-Dimensional (P2D) model of
lithium ions batteries

In this section, we introduce the physical model that will be at the heart of this work.
It models the behavior of smallest production unit inside a lithium ions battery, the cell.
We start by briefly reviewing the working principles of lithium ions batteries.

2.1. Working principles of a lithium ions battery

A lithium ions battery is a device that has the double ability to transform chemical
energy into electrical energy and vice versa. When working in the forward direction,
i.e. from chemical to electrical energy, the device is acting as an electrical generator and
can therefore be used to power electric and electronic devices, as cell-phones, computers
or electrical vehicles, until its stored chemical energy is exhausted. When working in
the backward direction, i.e. from electrical to chemical energy, the device is said to be
“charging”, .e. it is restoring its chemical energy and thus its capacity to act as an electrical
generator in the future. This double ability provides an indirect way to bring electric power
to systems that cannot be connected to conventional electrical distribution networks, as
well as to smooth out supply in a conventional distribution network, which can fluctuate
greatly, especially when the share of renewable energies increases, making lithium batteries
a key player in the energy transition.

To be more specific, a lithium ions battery is a pack, consisting of several intercon-
nected modules, themselves made up of several cells connected in series, which are the
unit within which electrochemical reactions take place. Each cell consists of an anode
(negative electrode), usually a graphite matrix, and a cathode (positive electrode), usu-
ally a lithiated transition metal oxide (cobalt dioxide or manganese), all immersed in
a lithium salt electrolyte dissolved in an organic solvent and separated by a separator
to prevent short circuits. The whole is confined by a membrane, except at the ends of
the anode and cathode, which are each confined by a piece of metal known as a current
collector, to allow the passage of electrons.

During discharge, lithium ions are extracted from the graphite matrix and migrate
towards the lithiated metal oxide to which they have a greater affinity, generating a
potential difference that can be exploited. Figure 1b summarizes this reaction. Under
load, lithium ions are released by the metal oxide under the effect of the applied current,
to migrate towards the graphite matrix. Figure la summarizes this reaction. For a more
complete introduction, one could refer to Reddy (2010).

We will see in the next section, how those phenomena can be modeled, notably through
electrochemical equations.
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(a) Charge reaction: driven by the electrons (e-) flow generated by the electric power
source, the lithium ions (Li+) are extracted from the cobalt oxide at the cathode by
oxidation and migrate through the electrolyte to the anode where they intercalate
in the graphite matrix by reduction.
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(b) Discharge reaction: driven by the flow of electrons (e-) generated by connecting
the electric powered device, the lithium ions (Li+) are extracted from the graphite
matrix at the anode by oxidation and migrate through the electrolyte to the cathode
where they intercalate in the cobalt oxide at the cathode by reduction.

Figure 1: Working principles of a lithium ions Cell (adapted from Han et al. 2021).

2.2. Electrochemical Modeling

Electrochemical models describe the electro-chemical phenomena that occur in each cell
of a battery. The need of simulating the battery behavior is of paramount importance, in
order to control and to monitor these systems online. Therefore reliable, fast and accurate
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real-time simulation are imperative. The model that we will study in the context of this
work consist of a system of partial differential equations coupled according to different
physical principles, such as Fick’s laws, the Buttler—Volmer and Nernst equations. The
"Pseudo-Two-Dimensional" (P2D) model introduced by Doyle et al. (1993) and based on
porous electrode theory (Newman and Tiedemann, 1975; Newman and Balsara, 2021) is
considered the most effective and accurate, and has been validated in numerous stud-
ies (Torchio et al., 2015; Zou et al., 2017; Methekar, 2018). This model considers interac-
tions in the direction of cell assembly only (negative current collector, anode, separator,
cathode, positive current collector), neglecting radial interactions. Nevertheless the model
adds a pseudo-second directional variable, which accounts for the radius of spherical par-
ticles, along which intercalation and extraction of lithium ions take place, those spherical
particles being a mathematically idealized assimilation of the porous materials at cathode
and anode, arranged on the whole x axis. Figure 2 illustrates the P2D simplification.

X

—

Figure 2: P2D simplification scheme of Figure 1 (taken from Han et al. 2021).
Interactions in the cell are considered along x axis only, positive current col-
lector section being represented by the red line on the left, followed by the
cathode section, represented as the left black line with purple dots depicting
the spherical particles, then followed by separator in yellow and anode in black
with purple dots according to same convention as the cathode, and finally the
negative current collector in red. The highlighted zoom portrays dots as par-
ticles assimilating the porous material in which lithium ions intercalations and
extractions occur along the the pseudo-second directional variable r which ac-
counts for the radius of the particle.

Although highly accurate, this model is difficult to implement in application cases, as
it requires the identification of over 50 parameters (Chen et al., 2021), some of which
(lithium ions concentration in the electrolyte, diffusion coefficients, transfer coefficients,
etc.) are not directly accessible through available measurements (voltage, current, etc.;
see Urbain 2009). What’s more, each modification of initial conditions or parameters
induces a complete re-run of the simulation, which is computationally expensive and may
be prohibitive for real-time use. To overcome those difficulties, simplified models of the
P2D model have been proposed for real-time applications, notably the Single Particle
Model (SPM; see Zhang et al. 2000) and Equivalent Circuit Models (ECM; see Hu et al.
2012).

Other purely empirical approaches are also proposed, using Kalman filters (Chang and
Xiaoluo, 2011), fuzzy-logic (Singh and Reisner, 2002), or neural networks (Wang et al.,
2022b). We thus think that combining empirical and model-based approaches through
Physics Informed Neural Networks (PINNs) could be an interesting research direction,
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what drives this work.
In the next section, we enumerate the main notations used, before carefully describing
the equations.

2.3. Notations

In this section, we introduce the main notations and variables used in the equations
presented thereafter.

2.3.1. Main notations

We bring first notations used to identify the sections of the cell, as referred to in equations
thereafter:

Notation 2.1 (Cell sections). We will follow the convention of Han et al. (2021) depicted
in Figure 1, to designate the five sections of the Cell:

Notation Designation
a positive current collector
P cathode
S separator
n anode
z negative current collector

Table 1: Cell sections notations in the P2D model.

In particular, letters with subscript i € {a, p, s, n, z} will refer to variables in cell section
i (i.e. negative current collector for a, cathode for p, etc.), except for z; (see Notation 2.2).

We then expose notations used to identify the boundaries of cell’s sections:

Notation 2.2 (Section’s boundaries coordinates). We still follow the convention of Han
et al. (2021) depicted in Figure 1, to designate locations of cell’s sections boundaries,
adding “Z” notations, introduced for convenience in order to easily describe sections do-
mains:

Notations Designation

R spatial coordinate of the interface between the exterior
07 Fa of the cell and the positive current collector (a)

S spatial coordinate of the interface between the positive
@ current collector (a) and the cathode (p)

o g spatial coordinate of the interface between the cathode
pr e (p) and the separator (s)

. spatial coordinate of the interface between the separator
o (s) and the anode (n)

o & spatial coordinate of the interface between the anode (n)
s and the current collector (z)
- spatial coordinate of the interface between the negative

? current collector (z) and the exterior of the cell

Table 2: Notations of the section’s boundaries coordinates in the P2D model.
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We finally introduce the notations used for space and time parameters. As stated in
Section 2.2, the P2D model has two dimensional parameters (space parameter in the
assembly direction and time) plus one pseudo-second spatial parameter in the direction
of the radius of the assimilated spherical particles.

Notation 2.3 (Parameters). We follow again the convention of Han et al. (2021) depicted
in Figure 1, to designate space and time parameters:

Notation Designation Unit | Domain | Order of magnitude

t time parameter S [0, Tinax] 10%s
space parameter

x in the assembly | m [z0, ] 10~ m
direction
pseudo-second

r directional pa- | m [0, R,] 107%m
rameter

Table 3: Notations of space and time parameters in the P2D model.
Tmax €]0,+0[ is a given constant representing the scope of time in which the
model is considered, x¢, x, are those defined in Notation 2.2, and R, €]0, 4+00] is
a given constant representing the radius of the assimilated spherical particles.

We also introduce some mathematical notations concerning evaluations of functions at
boundaries, which are useful to describe boundary conditions in the equations:

Notation 2.4 (Evaluations at boundaries). Given a differentiable scalar function u : [Z;, z;] %
[0, Thax] — R with i € {a,p, s,n, z} (c¢f. Notation 2.2), evaluations of d,u at boundaries
according to assembly direction parameter = (see Notation 2.3) will be denoted by the
classical notation: for all t € [0, Thyax]

Ozu(z,t) = lim d,u(x,t), Ozu(x,t) i= lim dyu(z,t).

Similarly, given a scalar function u : [Z;, z;] x [0, Thax] * [0, Rpi] — R with i € {p,n},
evaluations of d,u at boundaries according to pseudo-second directional parameter r (see
Notation 2.3) will be denoted by the Formula: for all ¢ € [0, Tin.x| and for all z € [Z;, ;]

oru(x,t,r) = lim O, u(z,t,7), oru(x,t,r) = lim J.u(x,t,r).
r=0+ 2:0 =R, 7‘—>Rp7.i
) r<Rp;

We now introduce the main variables of the P2D model in the next section.

2.3.2. Main variables

Five main scalar variables describe the P2D model: temperature, lithium ions concentra-
tion, both in the electrolyte and in the solid phases (assimilated to spherical particles in
the P2D model) and the potential, both in the electrolyte and in the solid phases (seen
as homogeneous in the whole particle). We depict their main properties in Table 4 below.
Those quantities are not present in every section, for instance lithium ions concentration
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in the solid phases is only present in the cathode and anode. Therefore we carefully sum

up the section in which each variable is present:

Notation Designation Unit Sections | Function of | Range
T Temperature K a,p,s,1,Z x,t [0, 4+0)
Lithium concentration _3
Ce in the electrolyte mol-m .St Z,t [0, +)
Lithium concentration _3
. : : 0
Cs in the solid phases mol-m p.h BT [0, +0)
Oe Electrolyte potential \Y% p,s,n x,t R
O Solid phases potential \Y p,n x,t R

Table 4: Main variables of the P2D model.

Following Subramanian et al. (2005), we also introduce the average lithium concentra-
tion in the solid phases and the surface lithium concentration in the solid phases in order
to implement the simplified P2D model (c¢f. Section 2.4.4). This is summed up in Table 5:

Notation Designation Unit Function of | Range
Surface lithium concentration in
* 1- -3
o the solid phases ot z,1 [0, +0)
— Average lithium concentration in
: lm~3
Cs the solid phases ot z,1 [0, +0)

Table 5: Supplementary variables for the simplified P2D model.

Notation 2.5. In the following, for the sake of notation simplicity, we will skip the section
subscript on each of the variables of Table 4. This should not lead to ambiguous notations,
since the sections do not share common span in the x variable.

In addition to the main variables above, we also introduce several variables of inter-
est, computed from the solutions of the considered problem (cf. Section 2.4.11 for more
details). This is summed up in Table 6:

Notation Designation Unit | Function of | Range
SoC' State of charge % t [0, 100]
V, Cell output voltage | V t R

Table 6: Auxiliary variables for the P2D model.

Finally, the system also depends on the applied current density which accounts for the
current exchange of the cell with its exterior and drives the charging/discharging regime
of the cell. Table 7 sums up its characteristics:

Notation | Unit | Function of | Range
Tpp A-m™2 t R

Table 7: Applied current density characteristics.
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In the next section, we line secondary variables used in the P2D model.

2.3.3. Secondary variables

Built upon the main variables described in Section 2.3.2, many secondary variables are
introduced and used in P2D model. Those are summarized in Table 8:

Notation | Designation Unit Sections | Dependence ' | Eq.?
Normalized
lithium concen-
0 tration in the B P = (2.21)
solid phases
Open circuit (2.19)
Uset reference  volt- AV p.n 6(Cs) (2'20>
age '
Open circuit po- (2.17)
orU|; | tential entropic VK1 p,n 6(C,) (2.18)
- variation '
. . Uref(CS)
Open circuit ’
N v p |l ()| e
Surface overpo-
77 tentlal V p7n ¢S7 ¢€7 U(CS7 T) (215>
Effective reac- 95 05 -1
Kot tion rate m-°-mol™"°-s p,n T (2.25)
. SOhd phases 9 1 keff(T)a Oea Csa T7
T | onic flux molm s PR | o dnCaT) | B
Effective  elec-
Koft trolyte conduc- S-m! psn | T,C, (2.24)
tivity
Ohmic heat - 0:0s, Kot (T, Ce), | (2.26)
Qobm source term W-m Pl Oz Qe, Ce, 0,Ce, T | (2.27)
Reversible heat 3 J(T, Ce, Cs, be, &s),
@rev source term Wom Pt T, orU|, () (2.29)
Reaction  heat 3 J(T, Ce, Cy, be, ¢s),
@ren source term W-m P (P, ps, Cs, T') (2.28)
Effective  elec-
Deg trolyte diffusion m?.s! p,s,n T, C, (2.22)
coefficient
Effective  solid
D phases diffusion m?2-s7! p,n T (2.23)
coefficient

Table 8: Secondary variables of the P2D model.

14.e. for some secondary variable f that depends on some main variable v and some secondary variable
g, itself dependent of main variables u, v we write the “dependence” of f as: u, g(u,v).
2Defining equation
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In the next section, we bring out the constants used in the P2D model.

2.3.4. Constants

In addition to the main variables of Section 2.3.2 and secondary variables of Section 2.3.3,

the P2D model uses several constants summarized in Table 9:

Notation Designation Unit Sections
(max Maximum. solid phases molm-3 b
5 concentration
D Electrolyte diffusivity m?.s~! p,s,
D# Solid phases diffusivity m?-s 1 p,n
k Reaction rate constant m?®-mol~0%.g! p,n
R, Particle radius m p,n
p Density m a,p,s,n,z
C, Specific heat Jkg LK1 a,p,s,n,z
A Thermal conductivity W-m1K! a,p,s,n,z
o Solid phases conductivity Sm™! a,p,n,z
€ Porosity - p,s,n
Particle surface area to 9 _3
a m”-m p,n
volume
ED’ S.olid. phases diffusion ac- Jmol-L b
tivation energy
EF Ree.xction constant acti- Jemol -1 b
vation energy
brugg Bruggeman’s coefficient — p,s,
€5 Filler fraction — p,n
t, Transference number — p,s,n
Reference (i.e. ambient) N
Tref K -
temperature
h Heat exchange coefficient | W-m=2.K~! a,z

Table 9: Constants of the P2D model

The P2D model also cal on some universal constants depicted in Table 10.

Finally, the P2D model put in for convenience some constants defined from those stated

in Table 9:

Notation Designation Unit Value
a Faraday’s constant C-mol ™! 96 485
R Universal gas constant Jmol 1K1 | 8.314472

Table 10: Universal constants used by the P2D model

3independent

10
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Notation | Designation Unit Sections Definition
T Unspecified J-CLK! -4 M (2.1)

Effective  solid
Oeff phases conduc- Sm™! p,n oi(l1—€—e5;) i€ {p,n}
tivity (2.2)

Table 11: Derived constants of the P2D model

In the next section, we carefully report the equations of the P2D model.

2.4. Equations

In this section we describe the precise equations of the P2D model, which report the
electrochemical phenomena taking place in a cell of lithium ions battery. A complete
summary can be found in Appendix A.

2.4.1. Temperature

The temperature is modeled in all sections of the cell.

Positive and negative current collectors: In the current collector, temperature T
is modeled by diffusion with a source term given by Joule heating due to the passage
of the applied current density I,,, through the current collectors: for all x € [z;, x;],
for all t € [0, Trnax]

I5p(t)
Oeff i
12 (¢
= N\0p2T(x,t) + &()
Oeff i

(2.3a)
i€{a,z},

where o.g is the effective solid phases conductivity (c¢f. Table 11), and p, C, and X are
respectively the density, specific heat and thermal conductivity (cf. Table 9). Boundary
conditions on zy and x, consist in Robin boundary conditions given by Newton’s law of
cooling at the two ends of the battery: for all ¢ € [0, Tipax]

—AaatT(l', t)

= h[Tref - T('CEO: t)]> (23b)

— Tt
T=T(

NAT(e, ) = R[T(a,t) — T, (2.3¢)

T=x,

4independent

11



2. The Pseudo-Two-Dimensional (P2D) model of lithium ions batteries

where h is the heat exchange coefficient (¢f. Table 9). Finally the initial conditions at
t = 0 are given by the Dirichlet boundary conditions: for all x € [Z;, z;]

T(x,0) = T (z) ie{a,z}, (2.3d)

A

where for all i € {a, z}, T%" : [&;,2;] — [0,400) is a twice differentiable function repre-
senting the intial state of the temperature in the cell section.

Cathode and anode In the electrodes, temperature 7' is modeled by diffusion with
a source term coming from heat-source terms Qopm, Qrn and Qrey (cf. Section 2.4.10):
for all x € [2;, z;], for all t € [0, Thyax]

picp,iatT(xa t) = aaz [AzamT(xa t)] + Qohm,i (fﬂ, t) + ern,i(xa t) + Qrev,i (.ﬁlﬁ', t) (243)
= AzaacZT(xa t) + Qohm,i(xa t) + ern,i(xa t) + Qrev,i(m7 t) 1€ {pa TL},

where p, C}, and A are the density, specific heat and thermal conductivity respectively (cf.

Table 9). Boundary conditions on z, and z,, consist in interface’s conditions enforcing

flux continuity: for all ¢ € [0, Tinax]
0T (1)

= -0, T (1) : (2.4b)

z=z7

T=Tq

0T (2, )

= X0, T (z,t)

(2.4¢)

Zl‘=$;t

T=xp
Finally the initial conditions at ¢ = 0 are given by the Dirichlet boundary conditions:
for all = € [z, 2] '

T(a,0) = T%(z) e {p.n}, (2.44)
where for all i € {p,n}, T% : [&;,x;] — [0,+0) is a twice differentiable function repre-
senting the intial state of the temperature in the cell section.

Separator In the separator the temperature 7' is modeled by diffusion in the same way
as for the electrodes, but with the heat-source term only equal to Qunm, since Q. and
Q.ev are zero due to the absence of solid phases in the separator and thus the absence
of solid phases ionic flux j; (c¢f. Section 2.4.10) and thus omitted: for all z € [z, =],
for all t € [0, Trnax]

psCpsOT(x,t) = 0y [NsO:T' (2, )] + Qonms(2, 1) (2.5a)
= X022 (2, ) + Qohm,s (T, 1),
where p, C, and A are the density, specific heat and thermal conductivity, respectively

(cf. Table 9). Similarly, boundary conditions on z, and x, consist in interface’s conditions
enforcing flux continuity: for all ¢ € [0, Thyax]

— A0 T (2, 1) = — X0, T (x,1)

T=Tp

, (2.5b)

—
T=Tp

—As0: T (1) = -0, T (2,1)

=Ty

(2.5¢)

z=zxs

Finally the initial conditions at ¢ = 0 are given by the Dirichlet boundary conditions:
for all = € [, 2]
T(x,0) =T (z), (2.5d)

where T% : [%,,z,] — [0,+00) is a twice differentiable function representing the intial
state of the temperature in the cell section.

12



2. The Pseudo-Two-Dimensional (P2D) model of lithium ions batteries

2.4.2. Lithium ions accumulation in the electrolyte

Cathode and anode The accumulation of lithium ions in the electrolyte in the elec-
trodes is modeled by diffusion of the lithium ions concentration in the electrolyte C, with

a source term coming from the solid phases ionic flux j (¢f. Table 8): for all x € [Z;, ],
for all t € [0, Trnax]

€0tCe(x,t) = 02 [Degr (2, 1)0,Ce(z, t)] + a;(1 — t4)ji(x, 1) i€ {p,n}, (2.6a)

where €, a and ¢, are the porosity, the particle surface area to volume and the transference
number, respectively (c¢f. Table 9), and D.g is the effective electrolyte diffusion coefficient
(cf. Table 8). The boundary conditions on z, and z, for C, are given by Neumann
boundary conditions accounting for the absence of flux at electrodes extremities: for all ¢ €

[07 Tmax]

0,C.(x, 1) ~0. (2.6b)

a=aq @7

Finally the initial conditions at ¢ = 0 are given by the Dirichlet boundary conditions:
for all x € [Z;, z;]

C.(x,0) = C%(x) i€ {p,n}, (2.6¢)

A

where for all i € {p,n}, C" : [%;,2;] — [0,+00) is a twice differentiable function repre-
senting the intial state of the lithium ions concentration in the cell section.

Separator The accumulation of lithium ions in the electrolyte in the separator is mod-
eled likewise by diffusion of C. with null source, since the solid phases ionic flux j, = 0
(cf. Table 8) as there are no solid phases in the separator: for all z € [Z;,z;], for all t €
[07 Tmax]

€501Ce(x,1) = Oy [Degr s(,1)0,Ce(, )], (2.7a)

where € is the porosity (cf. Table 9), and Deg is the effective electrolyte diffusion coefficient
(cf. Table 8). Boundary conditions on z, and x, for C. are given by interface’s conditions
enforcing flux continuity: for all ¢ € [0, Thyax]

—Degr (2, 1) 0, Ce (2, 1) = —Degr (2, 1) 0:Ce(, 1) , (2.7b)

T=Tp

= _Deff,n(xsa t)amce(x’ t)

T=Tg

_Deff,s<x87 t>axCe(x7 t)

(2.7¢)

z=xt

Finally the initial conditions at ¢ = 0 are given by the Dirichlet boundary conditions:
for all x € [z, z4]

C.(x,0) = C%(x), (2.7d)
where C%* : [Z4,25] — [0,+0) is a twice differentiable function representing the intial
state of the lithium ions concentration in the cell section.

2.4.3. Lithium ions transportation

Cathode and anode Transportation of lithium ions in the electrodes is described by
means of the Nernst—Einstein equation (Newman and Balsara, 2021, Eq. (11.45) p.239):

13



2. The Pseudo-Two-Dimensional (P2D) model of lithium ions batteries

for all x € [Z;, z;], for all t € [0, Thyax]
a;Fji(x,t) = =0y [Kett,i(®, 1) 0n e (2, )] + Op [Kesri(z,8) YT (2,1)0, In Ce(z,t)]  (2.8a)

=0, <meg7i(x,t) [TT(x,t)axcf(e—:f;;) — 8$¢e(x,t)]> i€ {p,n},
where a is the particle surface area to volume (cf. Table 9), F'is the Faraday’s constant, kg
is the effective electrolyte conductivity (cf. Table 8), and Y is a convenient abbreviation
defined in Table 11. Boundary conditions on z, and x,, for ¢. are given respectively by
Neumann boundary condition accounting for the absence of flux at cathode extremity:
for all ¢t € [0, Trnax]

Oude(z,t)| =0, (2.8b)

=z

and Dirichlet boundary condition enforcing potential 0 reference at anode extremity:
for all t € [0, Trnax]

¢e(xn7t) =0. (28C)

Finally the initial conditions at ¢ = 0 are given by the Dirichlet boundary conditions:
for all x € [z, 7]

Oe(2,0) = ¢2'(x) i€ {p,n}, (2.8d)
where for all ¢ € {p,n}, ¢°* : [#;,z;] — R is a twice differentiable function representing
the intial state of the electrolyte potential in the cell section.

Separator The transportation of lithium ions in the separator is modeled likewise by
Ohm’s and Kirchhoft’s laws involving electrolyte potential ¢, temperature 7" and lithium
ions concentration in the electrolyte C, with null source, since the solid phases ionic flux
Js = 0, as there are no solid phases in the separator: for all z € [;, z;], for all ¢ € [0, Tiyax]

0=—0, ['%eff,s (27, t)ax¢e(x’ t)] + Op [I{eﬁ”,s (:Ea t)TT(ZE, t)ax In Ce(ma t)] (29&)
= Keff.s(T x GaCe(w,t) x
- aw ( eff,s( 7t) |:TT( 7t> Ce(.ilﬁ,t) 8x¢e( ’t):|) )

where ke is the effective electrolyte conductivity (cf. Table 8), and T is a convenient
abbreviation defined in Table 11. Boundary conditions on z, and z, for ¢. are given by
interface’s conditions enforcing flux continuity: for all ¢ € [0, Trjax]

*/{eﬂ“,p(ﬁpa t)aque(xa t)

= *Kleff,s(l‘pa t)a$¢e($7 t)

, (2.9b)

T=Tp

_/ieff,s(xsa t>6x¢e($a t) = _Heff,n(xsv t)ax(be(ma t) (2'90>

T=xg z=z7

Finally the initial conditions at ¢ = 0 are given by the Dirichlet boundary conditions:
for all = € [, 2]

Pe(,0) = ¢0° (), (2.9d)

where ¢2% : [, 7,] — R is a twice differentiable function representing the intial state of
the electrolyte potential in the cell section.
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2. The Pseudo-Two-Dimensional (P2D) model of lithium ions batteries

2.4.4. Lithium ions intercalation in the solid phases

The intercalation of Li-ions in the solid phases drives the charge and discharge of the
cell. This is modeled by Fick’s second law of diffusion with respect to the pseudo-second
radial dimension 7 of assimilated spherical particles on lithium ions concentration in the
solid phases Cs (Summerfield and Curtis, 2015): for all z € [Z;, z;], for all ¢ € [0, Tinax],
for all r € [0, R,,]

1
0, Cs(x,t, 1) = T—gar [r*D;o,Cy(x,t,7)] i€ {p,n}, (2.10a)

where D? is the solid phases diffusivity (c¢f. Table 9). Boundary conditions are modeled by
Neumann boundary conditions accounting respectively for the absence of flux at r = 0 and
equality with solid phases ionic flux j (¢f. Table 8) up to effective solid phases diffusion
coefficient Dgg ; (cf. Table 8) at the surface of the spherical particles: for all z € [Z;, z,],
for all ¢t € [0, Trnax]

0,05z, t,r)| =0, (2.10b)

r=0+t
.ji(xvt) .
- = 1 E P, M. 2.10c
r=R, Deff,z’(xv t) ) ( )

Finally the initial conditions at ¢ = 0 are given by the Dirichlet boundary conditions:
for all « € [#;, z;], for all r € [0, R, ]

Cy(z,0,7) = CP(z,r) i€ {p,n}, (2.10d)

0,-Cs(z,t, 1)

where for all ¢ € {p,n}, C¥": [&;, ;] x [0, R,;] — [0, +00) is a twice differentiable function
representing the intial state of the lithium ions concentration in the solid phases in the
cell section.

Model simplification Following Subramanian et al. (2005), we will use a simplified
model combining volume-averaging and polynomial approximation, which drops the pseudo-
second radial dimension r by replacing lithium ions concentration in the solid phases C,
with the variables: for all z € [z;, x;], for all ¢ € [0, Tiax]

Ci(z,t) := Cs(x,t, Ry), (2.11a)

_ 1 (P

Cs(z,t) := f Cs(z,t,r)dr i€ {p,n}, (2.11b)
Rp,i 0

respectively, named surface lithium ions concentration in the solid phases and average
lithium ions concentration in the solid phases governed by the equations: for all x €
[Z4, z;], for all t € [0, Thpax]

0T t) — —g2lt ) i {p,n}, (2.12a)
R,
C*(z,t) — Cy(x,t) = Hy.i Ji(z, 1) i€ {p,n}. (2.12Db)

B _5Dgff,z'(xv t)

We then remark that Equation (2.12b) can be rewritten: for all z € [#;, 2], for all ¢t €

[0, Thnax]
a2l Rp:i . # .
Os(x7t) - W]z(xat) +Os (Q?,t) (S {pan}
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2. The Pseudo-Two-Dimensional (P2D) model of lithium ions batteries

Taking the partial derivative with respect to ¢ yields: for all z € [;, x;], for all ¢ € [0, Tinax]

_ R,; 0iji(x, ) D3g (x,t) — 0 D3y (2, 1) jix, 1)
0.C(w,t) = =H = e
(Deff,i (xv t))

Injecting Equation (2.12a), we finally obtain: for all z € [%;, x;], for all ¢ € [0, Tinax]

+ ,C¥(x,t) i€ {p,n}.

ji(xu t) . Rp,i atji(xv t>D:ﬂ,z‘<x7 t) - athsz‘(x? t)ji(:Ev t)
Ry 5 (D3 (1))

005 (2, ) = =3 i€{p,n},

(2.12¢)
which is an equation on C* where C; no longer appears. This means that we can dispense
with variable C, and replace Equations (2.12a) and (2.12b) with Equation (2.12c).

Finally, we also update the initial conditions at ¢ = 0 (2.10d), to the Dirichlet boundary
conditions: for all z € [;, z;]

Cx(x,0) = C2%(z)  ie{pn}, (2.12d)

where for all i € {p,n}, C*%" : [%;,2;] — [0,+0) is a twice differentiable function rep-
resenting the intial state of the lithium ions concentration in the solid phases in the cell
section.

2.4.5. Electrons motion

The motion of electrons in the electrodes is driven by the electric field which is related to
the gradient of the solid phases potential d,¢,. This is modeled by Ohm’s law (Newman
and Balsara, 2021, Eq. (1.13) p.8): for all x € [Z;, x;], for all ¢ € [0, Tryax]

a;Fji(z,t) = 0y [Oett,iOnds(x,1)] (2.13a)
= Ueﬁ,iax2¢s(x7 t) 1€ {pa TL},

where a is the particle surface area to volume (cf. Table 9), F' is the Faraday’s constant,
oo is the effective solid phases conductivity (cf. Table 11). Boundary conditions are given
by Neumann boundary conditions respectively accounting for the absence of flux on z,
and z,, and alignment of the applied current density I,,,(¢) transferred by the current
collectors with the electric field on z, and x,,: for all t € [0, Tax]

Oeft pOu®s(x, 1) =0, Oeft nOxPs(, 1) =0, (2.13b)
T=, r=x7

Oeft pOu®s (T, 1) = —Lpp(1), OettnOxPs(, 1) = —Lpp(1). (2.13¢)
4 _

Finally the initial conditions at ¢ = 0 are given by the Dirichlet boundary conditions:
for all z € [y, 2] ‘
Os(w,0) = ¢"(x) i€ {pn}, (2.13d)

where for all ¢ € {p,n}, ¢*" : [%;,2;] — R is a twice differentiable function representing
the intial state of the solid phases potential in the cell section.
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2.4.6. Solid phases ionic flux

The solid phases ionic flux j (¢f. Table 8) is driven by the Butler—Volmer equation (Dick-
inson and Wain, 2020): for all = € [2;, ;], for all ¢ € [0, Tiax]

i, 1) = 2kt (a2, t)\/Ce(x, £) (Cmax — Ci(a,t, Ryi)) Cu(w,t, Ry)

SHF
x sinh <%m(m,t)) i€ {p,n}, (2.14)
where k.g and 7 are respectively the effective reaction rate and the overpotential (cf.
Table 8), C¢, Cs, and T are respectively, the lithium ions concentration in the electrolyte,
the lithium ions concentration in the solid phases and the temperature (c¢f. Table 4), F
and R are respectively the Faraday’s constant and the universal gas constant, and finally
C** and R, are respectively the maximum solid phases concentration and the particle
radius (cf. Table 9).

2.4.7. Surface overpotential

The overpotential refers to the magnitude of the potential drop caused by resistance to
the passage of the current (Newman and Balsara, 2021, p.3). n (cf. Table 8) is the one
occurring at the surface of assimilated spherical particles in the electrode and is modeled
by: for all x € [Z;, z;], for all t € [0, Tryax]

ni(xat) =§bs(l‘,t)—¢e(l‘,t)—Ui(I,t) ie{p,n}, (215)

where ¢, and ¢, are respectively, the electrolyte potential and the solid phases potential
(cf. Table 4), and U is the open-circuit potential (cf. Table 8).

2.4.8. Open circuit potential

The open-circuit potential U is modeled by an approximation of the Nernst equation
accounting for temperature dependence (see Newman and Balsara 2021, Chapter 1 Section
1.2 and Chapter 2 Section 2.12 or Kumaresan et al. 2007): for all z € [Z;, z;], for all ¢ €

[07 Tmax]
Ui(z,t) = Upeti + (T'(x,t) — TTef)aTUi!Tmf(x’t) i€ {p,n}, (2.16)

where T is the temperature (cf. Table 4), T, is the reference (or ambient) temperature
(cf. Table 9), and U and 0rU ‘T _are respectively the open circuit reference voltage

and open circuit potential entropic variation (cf. Table 8). Those two last variables are
fitted experimentally by polynomial based approximations: for all x € [Z;, z;], for all t €

[07 Tmax]

01U, |7, (,) = —0.001 <%) , (2.17)

with: for all 6 € [0, 1]

Ny(0) = 0.199521039 — 0.928373822 0 + 1.364550689000003 62 — 0.6115448939999998 63,
D,(0) =1 —5.661479886999997 6 + 11.47636191 6% — 9.82431213599998 6 + 3.046755063 6%,

for all x € [Z;, z;], for all t € [0, Thyax]

orU,|7...(2,1) = 0.001 <%) , (2.18)
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with: for all 6 € [0, 1]

N, () =0.005269056 + 3.299265709 6,, — 91.79325798 62 + 1004.911008 6> — 5812.278127 6*
+19329.7549 0° — 37147.8947 6% + 38379.18127 607 — 16515.05308 6°,

Dy, (0) =1 — 48.09287227 6 + 1017.234804 6% — 10481.80419 62 + 59431.3 6*
— 195881.6488 6° + 374577.3152 0% — 385821.1607 67 + 165705.8597 6%,

for all x € [Z;, z;], for all t € [0, Thax]

with for all 6 € [0, 1]

~ —4.656 + 88.669 62 — 401.1190* + 342.909 6% — 462.471 6% + 433.434 61°

B,(#) = : ;

»(0) —1+18.93362 — 79.532 64 + 37.311 6% — 73.083 68 + 95.96 910
0172 0.001

00172 | 00019 ) 9g0ge09-150

0 + fL.5

B,(0) =0.7222 4 0.13876 + 0.029 6°° —
- 0.798460.4465 6—0.4108
where the normalized lithium concentration in the solid phases  is defined as: for all x €
[i’i, Z‘Z‘], for all t € [0, Tmax]

Cs(xa ta Rp,i)

gi(l" t) = Cmax

i€ {p,n}, (2.21)

where Cj is the lithium ions concentration in the solid phases (cf. Table 4), and C™* is
the maximum solid phases concentration (cf. Table 9).

2.4.9. Effective coefficients

Following effective medium theory (EMT; see Choy 2015) and in particular its approx-
imation developed by Bruggeman (1935), the P2D model uses effective coefficients ap-
proximating mesoscopic (Imry, 2002) phenomena.

Effective electrolyte diffusion coefficient D.g; is modeled by: for all x € [Z;, x;],
for all t € [0, Trnax]

_ _ 54 _ -3
4.43 T(w,t)—229—5x10—3Ce(z,t) 0.22x107°Ce(z,t)

Degri(,t) = €™ % 107 x 10 ie{p.n},
(2.22)

where € and brugg are respectively the porosity and Bruggeman'’s coefficient (cf. Table 9),

T and C, are respectively the temperature and the lithium ions concentration in the

electrolyte (cf. Table 4).

Effective solid phases diffusion coefficient D ; is modeled by: for all z € [y, ;]
for all t € [0, Trnax]

E]

By 1 1
D (1) = Die # (07 ma) e {pon), (2.23)

where D*, EP® and T, are respectively the solid phases diffusivity, the solid phases
diffusion activation energy and the reference (or ambiant) temperature (c¢f. Table 9), R is
the universal gas constant and T is the temperature (cf. Table 4).
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Effective solid phases diffusion coefficient k.4 is modeled by: for all x € [Z;, 2],
for all t € [0, Trnax]

Fera (2, 1) = €™ % 1074 x Cy(x, ) x Az, t)? i€ {p,n}, (2.24)

with
A(x,t) = —10.5+ 0.668 x 107°C,(w,t) + 0.494 x 107°C,(x, 1)
+ T(z,t) [0.074 — 1.78 x 107°C,(z,t) — 8.86 x 107 '°C,(z, ¢)?]
+T(2,1)* [-6.96 x 107° + 2.8 x 107°C(z,1)],

where € and brugg are respectively the porosity and Bruggeman'’s coefficient (cf. Table 9),
T and C. are respectively the temperature and the lithium ions concentration in the
electrolyte (cf. Table 4).

Effective reaction rate is modeled by: for all x € [Z;, z;], for all ¢ € [0, Tiyax]

EF

k(. 8) = ke ® (TTa ) e {pon), (2.25)

where k, E¥ and T, are respectively the reaction rate constant, the reaction constant
activation energy and the reference (or ambient) temperature (cf. Table 9), R is the
universal gas constant and 7" is the temperature (cf. Table 4).

2.4.10. Heat source terms

The heat source terms derivation are carefully described in (Gu and Wang, 2000, see in
particular Eq. (29) p.2913). Three heat source terms are considered here. Qunm, accounts
for the ohmic Joule heating in both the electrolyte and the solid phases. Q,ey and Qxy,
accounts for their part for the electrochemical reactions occurring at the interface between
the electrode material and the electrolyte (occurring then only in p and n). Qe is the
reversible part of the reaction heat, mainly due to the entropy change of the electrode
reaction, and Q.. the irreversible part, due to the electrochemical reaction resistance
at the interface (Gu and Wang, 2000, in particular Eq. (15)). Phase transformation is
neglected here.

Ohmic Joule heating Q. is given in the electrodes by: for all x € [Z;, z;], for all t €
[07 Tmax]

Qonm,i(7,1) =0otr i (0205(2,1))? + Keri(2,1) (0rPe(,1))° (2.26)
2kemri(z, t)RT (2, 1)
_l’_
F

where o.¢ is the effective solid phases conductivity (cf. Table 11), keg is the effective
electrolyte conductivity (cf. Table 8), F' and R are respectively the Faraday’s constant
and the universal gas constant, t, is the transference number and ¢., ¢,, C. and T
are respectively, the electrolyte potential, the solid phases potential, the lithium ions
concentration in the electrolyte and the temperature (cf. Table 4). In the separator, the

only effects remaining are those taking place in the electrolyte, giving: for all = € [;, z;],
for all ¢t € [0, Trnax]

(1 —t4)0: InCe(x, )0 ¢c(2,1) i€ {p,n},

2Rt s (2, t)RT (x,t)
F

Qohm,s(T, 1) = Ker s(2, 1) (00 (z, t))2+ (1—t4)0; (In Ce(x, 1)) Oppe(x, t).

(2.27)
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Irreversible electrochemical reaction heat is modeled by: for all x € [Z;, z;], for all t €
[07 Tmax]
ern(x7 t) = FCLz]Z(l’, t)nl(xa t) 1€ {p7 n}7 (228)

where F' is the Faraday’s constant, a is the particle surface area to volume (c¢f. Table 9),
and j and 7 are respectively the solid phases ionic flux and the surface overpotential (cf.

Table 8).

Reversible electrochemical reaction heat is modeled by: for all z € [2;, x;], for all t €

[Oa Tmax]
Qrev(x,t) = Fa;j;(z,t)T (x,t)0rU;

1. (2, 1) i€ {p,n}, (2.29)

where F' is the Faraday’s constant, a is the particle surface area to volume (cf. Table 9),
j and 0rU]|r,, are respectively the solid phases ionic flux and the open circuit potential
entropic variation (cf. Table 8), and T is the temperature (cf. Table 4).

2.4.11. Auxiliary variables

State of Charge (SoC) accounts for the level of charge of the cell relative to its maximal
capacity. In real applications, this maximal capacity is a function of time, as the cell is
subjected to an ageing mechanism (see Vetter et al. 2005) and the ratio of the maximal
capacity at time ¢ (which can be challenging to estimate, see e.g. Jiang and Song 2022)
over the nominal maximal capacity is called the State of Health (SoH). Nevertheless, we
will neglect ageing effects in this work, and the maximal capacity will be considered as
constant. As the power of the cell is given by the migration of Lithium ions from the
anode to the cathode, the maximal charge is reached at ty € R™ when for all (z,7) €

(5, 2] x [0, Rpn], Cs(,to,7) = CF,\n Where C; is the lithium ions concentration in
the solid phases (cf. Table 4) and Cj,, , is the maximum solid phases concentration in

the anode (c¢f. Table 9). In our simplified model (see Section 2.4.4, Eq. (2.11b)) this is

replaced by the equivalent statement for all z € [xg, x,], Cs(x,tg) = C3 with C the

max,n

average lithium ions concentration in the solid phases, which in turn can be rephrased as
L Sz” C(z, to)dx = C2 Following Torchio et al. (2015), SoC is therefore defined

Ty —Ts max,n”

as: for all t € [0, Thax]

SoC'(t) = — J Gt (2.30)

Tp — Ts C's ’

Ts max,n

Output voltage U is the difference of potential between the positive pole and the neg-
ative pole of the cell, i.e. between the exterior extremity of the cathode (z,) and the
exterior extremity of the anode (x,,), since the effect of current collectors on the potential
is neglected in the model. Following Torchio et al. (2015), we then define the output
voltage as: for all t € [0, Tyax]

Vo(t) = ¢5(va,t) — ¢s(ns 1), (2.31)

where ¢ is the solid phases potential (cf. Table 4).
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3. Neural Networks and Physics Informed Neural
Networks (PINNs)

In this section, we will introduce the main tools used in this work to handle the problem
presented in Section 2. Those tools are composed of two main ingredients: Neural Net-
works (NNs), also refereed as Artificial Neural Networks (ANNs), and Physics Informed
Neural Networks (PINNs).

Neural Networks were historically introduced under the name “Perceptron” by Rosen-
blatt (1958) as mathematical models emulating the behavior of a biological neurons (hence
their name). In a biological neural network, several dendrites receive information from
other neurons which is combined by the Soma before being transmitted by the axon and
delivered to other neurons by synapses. Drawing inspiration from this, the idea for artifi-
cial neural networks is to combine “input signals” in an affine manner and to “filter” them
by an “activation function” (for instance the sign function) before transferring this signal
to the next neuron, performing thus an elementary operation. The important aspect is
that the weights applied to each input, as well as the affine coefficient called “bias”, in
the affine combination are seen as “learnable parameters”, i.e. parameters that will be
adjusted in order to design the neuron to perform an elementary useful operation, which
combined through the neurons stack called Multiple Layer Perceptron (MLP), will even-
tually perform very complex operations. Another fundamental idea is a training method
known as “Stochastic Gradient Descent” (SGD), which was introduced by Amari (1967).
Finally the third fundamental idea that gave birth to today known neural networks is
back-propagation and automatic differentiation, which were first implemented and used
in this context by Linnainmaa (1976) and then presented in their modern version by Wer-
bos (1982), before being popularized by LeCun et al. (1998). Since then, this method has
been developed in many directions and successfully applied to a very wide range of prob-
lems, including vision (Voulodimos et al., 2018), or natural language processing (Goldberg,
2022). In this work, we will stick to the classical Multiple Layer Perceptron (MLP) which
is sufficient for our work.

Physics Informed Neural Networks (PINNs) were first introduced by Lagaris et al.
(1998). They designate a method to approximate solutions of Partial Differential Equa-
tions (PDEs) built upon Neural Networks. The idea is to compute derivatives of the
outputs of a neural network with respect to its inputs to finally combine it into a PDE
residual and then train the neural network to minimize this residual. They have seen
a resurgence of interest after being rediscovered by Raissi et al. (2019) who have wisely
taken advantage of automatic differentiation (Baydin et al., 2018) of neural networks to
compute the derivatives and have applied this method successfully to several forward and
inverse problems. Since then, numerous extensions and applications have been developed
(for a review, see for instance Karniadakis et al. 2021; Cuomo et al. 2022).

In the following, we will introduce Neural Networks (NNs) and Physics Informed Neu-
ral Networks (PINNs) in a mathematically formal manner, first introducing a pure for-
mal framework in a functional analysis perspective, before depicting how this theoretical
framework can be effectively approximated in practice.
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Theoretical framework

In this section, we will introduce Neural Networks and PINNs in the language of func-
tional analysis. Beyond “mathematical fanciness”, this formalism effort is made in order
to contextualize this work in theoretical frameworks that are developed nowadays upon
Neural Networks, and notably the work of Jacot et al. (2018). This presentation will then
follow while clarifying the formalism developed in Jacot et al. (2018), while extending the
given point of view, partially following Mishra and Molinaro (2020), which is up to our
knowledge, an original contribution.

3.1.1. Notations

In the remaining of Section 3.1, the following notations will be used.

N will denote the set of natural integers starting at integer k.

In particular, Ny will be the set of natural integers with 0 included and N; the set
of natural integers with 0 excluded.

F(A — B) will denote the set of functions from set A to set B. When A = B we
will simply denote F(A).

C°(A — B) will denote the set of continuous functions from A to B, when A and B
are Banach spaces. When A = B we will simply denote C°(A).

C*(A — B) will denote the set of k times continuously differentiable functions from
A to B, when A and B are Banach spaces, with k € [1,+o0) n N;. When A = B
we will simply denote C¥(A).

C*(A — B) will denote the set of indefinitely continuously differentiable functions
from A to B, when A and B are Banach spaces. When A = B we will simply denote
C*(A).

C*(A — B) will denote the set of functions in C¥(A — B) for k € ([0, +o) n Ny) U
{o0}, with compact support. When A = B we will simply denote C¥(A).

When £ = 0, we will simply note C.(A — B) or C.(A) if A = B.

D*(A — B) will denote the set of functions & times almost everywhere differentiable

functions from A to B, when A and B are Banach spaces equipped with their
Lebesgue measure, with k € [0, +00]. When A = B we will simply denote D(A).

df|, will denote the differential of a function f € D*(A — B) evaluated at point
x € A whenever it exists.

I [l,,,,, Will denote the p-norm |-, : @ € R™ — /37" [2;[P on R™ with 1 < p <
+00. When the context is unambiguous, we will simply denote it |-|.,.

Of paramount importance will be the Euclidean norm, which is the 2-norm.

(e;)%_, wille denote the canonical basis of R?, 4.e. the basis such that the coordinates
of e; are zero except at position i for all 1 < i < d.

22



3. Neural Networks and Physics Informed Neural Networks (PINNs)

o [”(A— R™ \) will denote the L” quotient space of functions:
LP(A—R™): {f [ f(@)},, A(dz) < +o0: fe F(A— B), f/\—mesurable},

quotiented by the equivalence relation: for all f,ge LP(A — R™)
frorgie= A{zeA: f(z)#g(x)}) =0,

where A is a measurable space with measure \. This space is equipped with the
1

nonnHMMHAA);felﬁ@4_+msz)H+(gAuf@g@mlA«mg)?

e M,,»(R) will denote the set of matrices with m lines and n columns with real
coefficients.

e Given a set sequence (4;)1<i<d, Hle A; will design the Cartesian cross-product of
the k terms (A;)1<i<q. More formally, it is the operation defined by induction by:

—ifd=1: Hzc-l:lAi = A1
— otherwise: Hle A; = (1—[;1:—11 Ai) x Ag

e Given a set sequence (A;)o<i<q and a function sequence (a;)1<i<q € Hle F(Ai —
A;), ot o € F(Ag — Aq) will design the d — 1 consecutive functions composition.
More formally, it is the operation defined by induction by:

—ifd=1: ofleai = GF(AO —>A1>

- o d o d—1
otherwise: of_;a; = &l. o ( i= 1%)

€F(Ad—1—Ad)  eF(Ag—Ag_1)
3.1.2. Neural networks
We begin by giving the formal definition of a multiple layers perceptron.
Definition 3.1 (Multiple layers perceptron (MLP)). Let us fix:
d € Ny, called the depth. When d > 2, we say that the MLP is deep.

(Ii)o<i<a € N{™ | called the widths.
o (Wi)i<ci<a € Hi:l M, i, (R), called the weights (sometimes also kernels).
(

bi)1<i<d € Hl R called the biases.

(@vi)1<i<d € Hi:1 F(RY), called the activations.
A Multiple Layers Perceptron is then the function defined by:

Rlo N Rld

MLP:{ v o (ol (Wi +by)) (x)

Remark 3.1. In the context of neural networks, the activation functions are usually “a
scalar function repeated k times”. More precisely, for a given £ € N;, and given an
activation a € F(R¥), it exists g : R — R such that o = z € RF 7 (g(2;));,; € RF.

In this case, it is also common in the context of neural networks, to abusively denote «
by g, i.e. to say that we take a scalar function as an activation of the neural network.
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Popular choices for activations, in the sense of choices for the function ¢ of Remark 3.1,
can be found in Table 16 in Appendix B, the orignal source being Berner et al. (2021).

Identifying the most effective activation functions is still an active area of research
(Dubey et al., 2022).

Remark 3.2. Since differentiability is a key ingredient in neural networks, notably for their
training (see Section 3.1.3), we will mostly restrict to activations that are almost every-
where differentiable, i.e. functions in the set D*(R*) for some k € N; (this is for instance
the case for Lipschitz-continuous functions, as stated by the Rademacher’s theorem, see
e.g. Evans 2018, Section 3.1).

7\ 1
T — Wg.’L‘ ol bgr a3
\ 5(2) (a(

4

Figure 3: Illustration of a MLP : R* — R* of depth 3 with widths (3,6,6,4) and activa-
tions (a;)?_; (adapted from Berner et al. 2021).
Reading: the input z € R? is first multiplied by matrix Wi € Mg 3(R) before
adding b; € R®. Then o is applied to the result. We carry on in the same way,
applying the operations from left to right along the graph, thus obtaining at the
end a result in R* outputted from as.
More formally, we have: foralll < ¢ < 3 and foralll < ;5 < |

oz e R — (W (o) (Wi +by)) (x) +b;), and 5;2) cz e R -

((op—yan (Wi - +bi)) (2))..

We will now move to a functional analysis perspective, which will allow us to really
develop our approach. We begin with a structure that lies at the heart of the practical
use of neural networks, that is architectures. An architecture fixes the size of the neural
network (i.e. its depth and layers size), the symmetries among weights (for instance, we
may want some coefficients of the weights to be equal as for convolutional nets ; see
e.g. Albawi et al. 2017), as well as the activations used, leaving only the choice of some
weights and biases free, which will be “learned” (giving a rigorous definition to this will
the subject of the next section), the others being fixed (for instance to ensure sparsity).
We give thereafter a formal definition, in the language of functional analysis:

Definition 3.2 (architecture). Let fix:
e d € Ny, called the depth.

24



3. Neural Networks and Physics Informed Neural Networks (PINNs)

e (I;)o<i<qa € N%, called the widths.
e (a;)1<i<d € H;'i=1 DY(RY), called the activations.
e PeNjsuchthat 1 < P < Zle(li x (I;_1 + 1)), called the number of parameters.
o pelC' (RP - T, My, (R) x [T, R%), called the parameters map.
Then an architecture for an MLP is a function:

e { R” — F(RY —R4)
) H — Og:IOzi (@Uk(g) . +¢n+k(0))

Remark 3.3. The parameters map 1 is the map that encodes symmetries among weights
and biases, as well as the selection of “learnable” and “fixed” weights. In this work,
we will essentially see 1) as a suitable re-parametrization of a real vector of dimension
P = Zle(li X (l;-1+ 1)) into coefficients of matrices in [ [}, M, ;, ,(R) and coordinates
of smaller vectors in [ ], Rb.

A natural question that arises is to understand the structure of the image of an architec-
ture. Interestingly, it can be shown that it has a Riemmanian pseudo-manifold structure
with metric related to the so-called Neural-Tangent Kernel (NTK) developed in Jacot
et al. (2018). Details can be found in Appendix D.3.

To be able to formulate approximation results, as well as results concerning certain
asymptotic behaviors, it is convenient to consider functional spaces obtained by taking
the union of a collection of architectures. To this aim, we will define some spaces of
interest. We begin by the space of MLPs, which is the functional space covering all MLP
configurations, given input and output dimensions:

Definition 3.3 (Space of MLPs). The functional space of MLPs is the subset NN, ,, of
F(R™ — R™) defined by:

AN = { of | ai(Wi-+b;) :de Ny, (I)ocica € N{T', lg = n, Iy = m,

d d
(Wih<ica € | [ M ,(R), (bi)1<icae | [RY,  (3.1)
i=1

i=1

(ai)1<i<d € ﬁDl(Rli)}.

i=1
Now, we want a generic way of designating a subspace obtained as a union of architec-
tures images. We will then define a notation for this in pseudo-formal terms:

Notation 3.1 (Set of architecture collections spaces). The set of architecture collections
spaces is the subset P, ,, of the set of subsets of NN, ,, denoted by:

Prm = {U ImV; : (V;),er architecture collections with codomain F(R" — Rm)} .

iel

In the context of our work, we will be particularly interested in collections of architec-
tures that only use smooth activations. We will thus set special notations for that. First
we denote the smooth space of MLPs:
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Notation 3.2 (Smooth space of MLPs). The smooth space of MLP, denoted NN . is

n,m?
the subspace of NN, ,,, where the activations (a;)1<i<q are infinitely differentiable.
In the same spirit, we set a special notation for the set of architecture collections spaces,
with smooth activations:

Notation 3.3 (Set of architecture collections with smooth activation spaces). The set of
architecture collections with smooth activation spaces, denoted P,°,,, is the subset of P, ,,
where all architectures collections use infinitely differentiable activations.

Finally, most of the time, we do not want the domain of a MLP to be the whole R", but

only a subdomain €2 of R™. In this case we introduce the natural restriction on NN, p,:

Definition 3.4 (Restricted space of MLPs). Given 2 a subdomain of R", the MLP space
restricted to 2 is:

NN () = {fia: fe NN} (3.2)

We introduce the same restriction as well for P, ,,:

Notation 3.4 (Restricted set of architecture collections spaces). Given 2 a subdomain of
R", the set of architecture collections restricted to 2 is:

Prm(Q2) 1= {{f‘g cfeA}l i Ae anm}.

Remark 3.4. We will also use the notations NN, (Q2) and P, (), which are defined
likewise, combining Notation 3.2 and Definition 3.4, and Notation 3.3 and Notation 3.4,
respectively.

We now turn to a density result that justifies the interest of the tools we have just
introduced. Indeed, NN, ,, has the interesting property of being dense in C?(R" — R™),
the space of continuous functions from R" to R™ with compact support. This is of
paramount importance, since C2(R™ — R™) is dense in most “common” functional spaces
(L, spaces for 1 < p < o0, Sobolev spaces, etc.) and thus implies that MLPs can be used
to approximate most of the “common” functions. Moreover, this result remains true for
many spaces A € P, ,, built upon infinite architecture collections. We state this result
more precisely:

Theorem 3.1 (Universal approximation theorem). Let be f € CO(R" — R™), d =2, ||| a
given norm on R™, and (g;)1<i<a—1 € F(R — R)47L, each being locally bounded, piecewise
continuous, and non-polynomaial.

Then for all ¢ > 0, there exist (I;)o<i<a € N¢ with ly = n and lg = m, (Wy)1<i<q €
H;‘i=1 My, i, (R), and (b;)1<i<a € H?Zl R% such that

fg crxeR" — (oleoci(l/vi . +bz)) (SL’) e R™

with V1 <i < d—1,q; : © € Ri — (gi(x;)) eRY and ag = v € R™ — z € R™,

satisfies:

1<i<l;

sup [ fo(z) — f(2)| <e

zeR™

Proof. cf. Leshno et al. (1993). O

Having introduced the fundamental formal notions for neural networks spaces, we will
introduce in the next section, the notion of training and the fundamental notions associ-
ated to it.
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3.1.3. Neural network training

The “training” of a neural network is a general term referring to any method which, given
an architecture in the sense of Definition 3.2, seeks to find the optimal weights and biases
to fit a given “objective”, for instance approximating a given function. The state-of-the-
art approach to “objective” is by designation of a so-called “Loss’™function encompassing
the problem structure and which allows to state the objective in terms of a minimization
problem. Finding the appropriate losses for a given objective is a significant part of the
construction of deep learning algorithms (Wang et al., 2022a), and physics informed neural
networks can be seen as an example of this.

Following our guideline, we now give a general and formal definition of Loss functions
in the language of functional analysis:

Definition 3.5 (Loss). Let B be a Banach space equipped with a norm |-|4, containing
a space A € P, (§2) as a dense subspace with respect to |-|| 5, for some domain 2 < R".

A loss is then a differentiable function £ : B — R which is bounded from below.
Without loss of generality, we may assume L : B — [0, +00).

Remark 3.5. Other properties can be asked for losses, such as convexity in order to
ensure existence of an unique minimum. Similarly, the density assumption is not strictly
necessary, but no useful result can be expected without it.

Thereafter, we give a fundamental example of a theoretical loss function:

Ezample 3.1 (Theoretical mean square error). Let B = L#(R" — R™) be the L? quotient
space of functions defined on R" with values in R™. Then B is complete, thus a Banach
space, and admits CF*(R" — R™) (and therefore NN, or even NN, ) as a dense
subspace. We can then define the Loss:

Ly: fel*(R" - R™) — (Jnifl(x)Q dx) € [0, +0).

L, is then differentiable on the whole L(R™ — R™) with differential dL,

at f e L2(R" —
f
R™) given by:

dLy| :heL*(R" - R™) (J iin(x)hi(x) dx) € [0, 4+00).
s R

=1

This loss is called the theoretical mean square error and is used extensively in the context
of neural networks.

We now have the key ingredients to define the theoretical gradient descent of an MLP,
also known as the theoretical gradient flow:

Definition 3.6 (Theoretical gradient flow of an MLP). Let us fix 6y € R”| an architecture
U : R” — F(R™ — R™) as in Definition 3.2, and a Banach space B and a Loss £ : B —» R
as in Definition 3.5. The theoretical gradient flow for an MLP with architecture W is the
following Ordinary Differential Equation (ODE) on the function 6 : [0, +00) — RF:

00) =6, .
10,(t) = —dLlww) (3P (0(1), V1<p<P Ve (0,+x) '

dt
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Remark 3.6. We can remark that if for some ¢y = 0, —dL|w(@y)) = 0, then Vt > o, 0(t) =
0y. Stated differently, if # “reaches” a critical point of E}Im - then it will “remain stuck”
in this critical point. This justifies the “training” denomination, since the goal of the
gradient descent is to reach a local minimum of £|,_ with ¢ as small as possible (since
we want to reach an approximation in as little time as possible).

It can be noted that in the definition above, neither the convergence of the ODE to
a critical point, nor the “quality” of this critical point, i.e. if it is a global optimum or
even an optimum at all, is guaranteed. In fact, while general enough convergence results
and bounds estimates exists for linear neural networks trained with such a gradient flow
(Arora et al., 2018), such results under suitably general assumptions are still missing for
deep neural networks. Nevertheless, some advances have been made recently by Boursier
et al. (2022) with strong assumptions on the loss. Interestingly enough Yang (2019);
Chizat et al. (2019) have identified different asymptotic training regimes with respect to
the layer’s size, depending on the choice of 6y, while studying the dynamics in the so-called
lazy and mean-field regime. The study of the dynamics in the so-called active regime has
been conducted by Jacot et al. (2022). Other promising works, conducted by Chizat and
Bach (2018) obtained asymptotic global convergence results with a gradient flow adapted
from Wasserstein’s gradient flow of Optimal Transport (Santambrogio, 2017). Finally
Bach and Chizat (2021) carefully studied the asymptotic dynamics of the gradient flow
with respect to the layer’s size.

Interestingly, Jacot et al. (2018) have mentioned a correspondence between the theoret-
ical gradient flow of Definition 3.6 and the so-called Neural Tangent Kernel (NTK) they
developed. In Appendix D.2, we show that both are equivalent under some assumptions.

Having developed the main theoretical tools of MLP, we will introduce in the next
section, tools which are more specific to Physics Informed Neural Networks (PINNs).

3.1.4. PINNs problem position

Let © be an open domain of R”, n € Ny, with compact closure Q and boundary 052, such
that Q = QU Q. Let us then fix m € N; and Fyy a Banach space, equipped with a norm
|| yx containing some A € P2, () as a dense subspace with respect to |-y Even if we
keep it abstract for the sake of generalization, we can essentially see Fyy as a C* space or
a Sobolev space.

We can then define the theoretical PINN problem:

Definition 3.7. Let mp, mp € N; and two operators D : Fyy — L*(Q — R™2, \,,) and
B : Fyny — L*(0Q — R™5,0,), differentiable for |"HL%1D(Q,A7L) and H-HL%B(MM) respec-
tively, with respect to |||y, Where A, and o, are Lebesgue measures in  and surface
measure on 02 respectively. The PINN equation in u € Fyy is then given by:

{D(u) =0 inQ

B(u)=0 onoQ (3.4)

Of course Definition 3.7 encompasses most PDEs, D being in this case a differential
operator, and B a trace operator (Evans, 2010, Section 5.5 page 271). We illustrate this
in the following example, for the Laplace equation:

Ezample 3.2. Let us take Fan = C*(Q — R) n C(Q — R), D a second order PDE,
e.g. D(f) := Af, and B a Dirichlet boundary condition, e.g. B(f) = flaqo — uo where
Ug € CO((?Q - ]R)
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Now, to solve the problem of Definition 3.7 with Neural Networks, we have to connect it
with the theory developed in Sections 3.1.2 and 3.1.3. This link will be achieved through
the theoretical loss of PINNs we will now define:

Definition 3.8 (Theoretical loss of PINNs). Let be f € Fyn with Fny as in Definition 3.7.
The theoretical loss of PINNs is then defined as:

Lo (f) = o HD(f)HignD @) T B HB(f)HignB (00m) > (3.5)

where vp, vp > 0 are weights that are of utmost importance for performing the minimiza-
tion in practice, as outlined in Section 4.3.1.

Remark 3.7. 1t is straightforward to see that: for all f € Fnn
Leinn(f) =0 < f is solution to (3.4).

This motivates the fact that finding a “good minimizer” f for Lpinn, gives reasonable
hope to find a good approximation of a solution to (3.4). Of course this assertion lacks
precision and effective approximation results, but such estimates strongly rely on D and
B properties, and are thus problem specific. For second-order elliptic PDE, we can for
instance refer to (Gilbarg et al., 1977, Chapter 6). More precise generalization error
estimates results, using PINNs methods applied to specific problems, will be mentioned
in Section 3.2.4.

Remark 3.8. To ensure consistency with Sections 3.1.2 and 3.1.3, Lpnn(f) of defini-
tion Definition 3.8 should be a loss in the sense of Definition 3.5. But this is essentially
true by assumption, since Fyy is a Banach space containing an A € Py, (Q) as a dense
subspace, and Lpiny is differentiable with respect to |-||yy by differentiability of D and
B with respect to |-|yy, and differentiability of ”Hifw @ and ”Hi%B (o)

While this framework is useful to conduct further theoretical analysis, it cannot be
implemented immediately in an algorithmic way. To overcome this, we will develop in the
following section, a framework approximating the one presented above.

3.2. Approximations to the theoretical framework

While it is very useful to have a mathematically coherent picture, the theoretical frame-
work presented in Section 3.1 cannot be actually implemented on a computer, since it
involves non-“computable” operations. Without going into the theory of computation
(Sipser, 2012), which would be beyond the scope of this work, we will simply say that a
function is computable if it requires only a finite number of discrete operations. In this
regard, the framework introduced above has three main shortcomings:

e the impossibility to actually compute the norms HHign (@, and HHi%q (90,0,y) defin-
ing the theoretical PINN Loss of Definition 3.8, since Dthey rely on theBcomputation
of integrals. We must therefore rewrite it using some quadrature rule. This will be
the purpose of Section 3.2.3.

e the impossibility to actually solve the gradient flow of Definition 3.6. We must there-
fore rewrite it using some iterative method. This will the purpose of Section 3.2.1.
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e Depending on the operators D and B of Definition 3.7, an approximation may be
also required, as well as for their differentials. Nevertheless, we will see that for
differential operators, such a problem does not exist, thanks to automatic differen-
tiation. A cautious presentation of this method is conducted in Section 3.2.2.

In addition to these problems, we will discuss existing theoretical concepts in deep
learning for quantifying approximation error, and review the main existing results in
Section 3.2.4.

We start in the next section by presenting the gradient flow approximation.

3.2.1. Gradient flow approximation

In this section, we will explain how the theoretical gradient flow defined in Equation (3.3)
can be approximated in order to be numerically implemented.
For the sake of clarity, let us recall Equation (3.3):

{9(0) -

40,(t) = ~dLluoe (@0 (0(), ¥1<p< P, Ve (0,+0)

One of the most glaring problem in the perspective of implementing this algorithm is the
computation of the differential dL|yg (1)), considering that d£ is the differential of a func-
tional defined on a functional space B. However, this problem can easily be circumvented
by remarking that: for all ¢ € (0, +0o0)

d
70 = —ALluew) (U (0(1)), VI<p<P,
can be rewritten, by defintion of 0,V (6(¢)):
d

5919(?5) = —dL|wow) (Ao (ep)), VI<p<P,

with (e;)f; being the canonical basis of R”. We can then introduce the new loss:
‘. { R? — [0, +0)

w o L(UW)) (3.6)

which is a differentiable multivariate function from the finite-dimensional vector space R
to the scalar space [0, +00). We can then rewrite the Equation (3.3) as: for all ¢ € (0, +o0)

d
dt
thus eliminating the need of computing d£. It remains to be seen how to calculate d/,, for
a given w € R” on a computer, but we will show that this can be easily achieved through

the automatic differentiation mechanism presented in Section 3.2.2 below. For the sake
of brevity, let us introduce the so-called gradient notation:

R — RFP
Vi ,
{ wo o (dg‘oJ(ep»f:l

Op(t) = —dllo(ep), VI<p<P (3.7)

to rewrite the Equation (3.7) as:

d
—6(t) = —VI(O(2)). (3.8)
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The only problem remaining is now solving the Ordinary Differential Equation (ODE):

{9(0) = bo . (3.9)

46(t) = —VEO(), VEe (0, +)

Unless ¢ has a particularly appropriate form, there is often no closed-form solution to
this ODE. This is because ¢ strongly depends on the architecture ¥, which can be very
complex and highly nonlinear. So we need to find a way of approximating this equation,
bearing in mind the difficulties caused by the non-linearity of .

Remark 3.9. In a certain perspective, this can be seen as a consequence of substituting
the functional space B by Im ¥ (or even any A € NN, ,,(Q)). While the loss function d£
can have “good properties” (e.g. convexity) in B, the elements of B cannot be computed
on a computer. We have therefore come to rely on the functions of Im ¥, which are by
design computable on a computer and are known to have good approximations properties
in B (¢f. Theorem 3.1), but this comes at the cost of losing the “good properties” of £
due to the highly nonlinear nature of W. Note also that this non-linear nature is not
a contingency that could easily be dispensed with, but the very essence of what allows
neural networks to have good density properties in B. We also refer you to Section 3.2.4,
where we develop the notion of “optimization error”, which is intimately linked to the
above considerations.

The most simple idea is to write the first order Taylor’s expansion of the function
0 : R — R” at the point ¢ € [0, +00): for all h > 0

O(t+h) =0(t) + %e(t)h + et(h)h,

with &; : [0, +o0) — R? such that }lLir% lee(h)]y,p = 0. Injecting Equation (3.8), we get:

forall h >0
O(t+h)=0(t) —VLO(t))h + e(h)h. (3.10)

For h > 0 small enough, we can then make the Ansatz:
O(t + h) ~0(t) — VL(O(t))h,

neglecting the higher-order terms £,(h)h. We can then iteratively approximate any 6(t;)
for t; > 0 and N; € Ny large enough by defining the sequence: for all 0 <n < N; — 1,

§t1,N1 = {90 ifn =0

O — V0, if1<n<N

This very simple method dates back to Euler and today bears his name. It is now part
of a set of classical methods for numerically solving ODEs, known as the Runge-Kutta
methods (Butcher, 2016, Chapter 3).

Surprisingly®, it appears that this approximation works well enough in practice to train
neural networks, since all the breakthroughs in deep learning, from image recognition
(LeCun et al., 1998) to more recent transformers architectures (Vaswani et al., 2017)
among which Generative pre-trained transformers (GPT)® models, have been obtained
with adaptations of this method, that we will now present. Let us start by rephrasing the
general “vanilla” gradient descent:

5In fact, a proper understanding of this phenomenon is still missing. See Remark 3.7 for a small survey
of the existing results.
Shttps://en.wikipedia.org/wiki/Generative_pre-trained_transformer
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Definition 3.9 (Gradient descent (GD)). Let us fix § € R, and a loss £ : R — R built
after, like in Equation (3.6), an architecture ¥ : R” — F(R™ — R™) from Definition 3.2,
and a Loss £ : B — R from Definition 3.5. Then, given a so-called “learning rate” § > 0,
the gradient descent (LeCun et al., 1998, Equation 2) applied to ¢ is the inductively

defined sequence (6,) € (R” )NO: for all n € Ny

g, = 1 _ ifn =0 (3.11)
Hn_l - 6V€(9n_1) if n >1

Remark 3.10. As already mentioned in seminal papers such like (LeCun et al., 1998,
Equation 3), the method used in deep learning is called “Stochastic Gradient Descent”
(SGD) and was introduced as a slightly modification of the gradient descent algorithm.
In fact the modification concerns the loss ¢ and not directly the algorithm, which remains
the same once ¢ has been modified. We mention this in more detail in Remark 3.12 in
Section 3.2.3, where we discuss the theoretical loss approximation.

The difficulty in making the algorithm of Definition 3.9 work in practice, i.e. ensuring
that it converges to at least a local minimum of ¢, lies in finding a suitable learning rate
0. This is usually an important part of the experimental work to be carried out when
working with neural networks. Nevertheless, two adaptations of this algorithm have been
proposed, offering significant performance gains in practice:

(S)GD with momentum first introduced by Rumelhart et al. (1985) (similar ideas seem’
to have been developed by Nesterov 1983). The idea is to take into account the

former updates of the (6,) e (R )NO, i.e. to somehow keep a record of (Vﬁ(éz))

- S =0
to get a better idea of the direction in which to update 6,,_; in order to get 6,,. This
is achieved by fixing 0 < 8 < 1 and ¢ > 0, and adding a sequence (m,) € (R” )NO
inductively defined by: for all n € Ny

gm0 _ iftn =0 (3.12a)
Op_1— 01 ifn>1
(6 ifn =
e 47 L) ) itn=0 (3.12b)
B+ (1= p)VU0,-1) ifn=>1

where we used the same notation (6,) € (R” )NO for the sake of simplicity. Qian
(1999) showed that in the limit 6 — 0, (77, )nen, is analogous to the mass of New-
tonian particles moving through a viscous medium, ¢.e. a momentum, hence the
name. This adaptation can also be related to evolution strategies ideas (Beyer,
2001; Emmerich et al., 2018), e.g. ¢f. Hansen (2016, Section 2).

RMS Prop introduced by Geoffrey Hinton®. The motivation is to take into account the
fact that the coordinates of the gradients V{(6,) can be of very different orders
of magnitude, while also significantly varying over the course of the training, thus

strongly disrupting the convergence. RMSProp tackles this problem by tracking the

“the paper is written in russian.

8Surprisingly, this result was not published, but presented for the first time in a course given at the
University of Toronto. The slides are available at www.cs.toronto.edu/ tijmen/csc321/slides/
lecture_slides_lec6.pdf.
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average (coordinates by coordinates) of the squared gradient and scaling the update
of 6, according to this magnitude. More precisely, let us fix 0 <y < 1, € > 0 and
6 > 0, and define an additionnal sequence (g,) € (R” )NO inductively defined by:
for all n e Ny

~ ‘90 ifn=0 313

"0, —  diag < gn:ﬁ) Vﬁ(én,l) ifn>1" (3.13a)
(VE(6)))? if n=0

Gn 1= - 2 . : (3.13b)
Ysn—1 + (L —7) <V€(6’n_1)) ifn>1

where square, square root, an inverse functions are to be understood as applied
componentwise, and diag is the function that maps a vector w € R” to the diagonal
matrix diag(w) which diagonal entry diag(w);; is w; for all 1 < i < P. We also used
the same notation (én) € (RP )NO for the sake of simplicity. Once again, this can be
related to evolution strategies ideas, e.g. ¢f. Hansen (2016, Section 3).

These two adaptations have been grouped together with minor adaptation in the Adam”
algorithm introduced by Kingma and Ba (2014), which is today considered as the state
of the art in deep learning. For the sake of completeness, let us introduce it below:

Definition 3.10 (Adam). Let us fix ) € R”, and a loss £ : R” — R as in Definition 3.9.
Then given €,6 > 0, and 0 < v, 8 < 1, the Adam algorithm applied to ¢ can be described
by the three inductively defined sequences (6,) € (R” )NO, (m,) € (R? )NO, (sn) € (RF )NO:
for all n € Ny

n =35 5 . __ . ) -1aa

Hn,l — W dlag (\/%_H) mMy—1 if n >1
o —

e V) _ ttn =0 (3.14b)
Bn—1+ (1 — B)V(0,-1) ifn=>1
(V4(6,))° ifn=0

Gp 1= . 2 _ ) (3.14c)
Ysn—1 + (1 —7) <V€(«9n_1)) ifn>1

where square, square root, an inverse functions are to be understood as applied compo-
nentwise, and diag is the the function that maps a vector w € R” to the diagonal matrix
diag(w) which diagonal entry diag(w);; is w; for all 1 <i < P.

It must also be mentioned that hyperparameters 4, 5 and v in the above definition can
also be adapted, i.e. not considered as constants anymore, but rather as sequences. Such
a process is known as “scheduling”. Numerous heuristics are available for this purpose,
including some making (8,), (8n), (72) € RN dependent from 6, (7,) and (c,), see for
instance Li and Arora (2019); Kim et al. (2021); Lewkowycz (2021).

One may also wonder whether refining to a higher order the Taylor expansion of Equa-
tion (3.10), could gives us a better approximation of the theoretical gradient flow. The

9which stands for “adaptive moment estimation”, although it’s not strictly speaking an acronym.
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answer is obviously yes, but the problem comes from the fact that the number of param-
eters required to calculate higher-order differentials grows exponentially with the order
of the approximation. Indeed, each k-order differential of ¢, k € Ny, evaluated at a point
w € RP can be assimilated to a k-linear application from R” to R, i.e. belonging to a
space of dimension P*, which is rhedibitory since P is itself already very large'’. However
in the case where the order of P stays under 10%, the order 2 derivative, i.e. the Hessian,
can still be approximated. This is the purpose of the Broyden—Fletcher—Goldfarb—Shanno
(BFGS) algorithm (Fletcher, 2000, Section 3.4 page 62), which is inspired by the New-
ton’s method (Fletcher, 2000, Section 3.1 page 44). Liu and Nocedal (1989) introduced
a modification of this algorithm that makes it able to scale to higher dimensions, which
makes it suitable to train neural networks.

We conclude with a few words on the choice of , € RY. An extensive literature
exists on this topic and its consequences, see for instance Kumar (2017); Narkhede et al.
(2022). In particular the link between the statistical distribution choosed to initialize the
coordinate of 6y and the asymptotic convergence of the neural network function ¥(6y) to a
Gaussian process when P — +0, has been known since the seminal work of Neal (1996);
Williams (1996). More recently, Jacot et al. (2018) showed that under commonly satisfied
assumptions on the statistical distribution of the coordinate of #y, the neural network’s
training by (stochastic) gradient descent (SGD) asymptotically converges when P — +o0
to a kernel regression according to the so-called Neural Tangent Kernel (NTK), briefly
presented in Appendix D.1 of Appendix D. Nevertheless, in the context of this work, we
will stick to the so-called “Glorot-normal” and “Glorot uniform”!! statistical initialization
introduced by Glorot and Bengio (2010), and considered to be state-of-the-art. Namely,
using the terms of Definition 3.2, let us fix an architecture ¥ built unpon a map v assumed
to be just a reparametrization, such that any ¢, for 1 < p < P is unambiguously mapped
to a weight in M, ,;, or a bias in R for 1 <4 < d. Then: forall 1< p< P

Glorot normal initializes 6, by sampling from the normal distribution:

2
0o, ~ 0, ——
o N< ’lil‘i‘li)’

if 6y, is mapped by ¥ to a weight in M;,_ ;. and sets:
6o, = 0,

P

if 6y, is mapped by 9 to a bias.

Glorot uniform initializes 6y, by sampling from the uniform distribution:

6 6
O ~ _
0w~ U < \/li—l + li’\/li—l + li) ’

if 6y, is mapped by 9 to a weight in M;,_, ;, and sets:
eop = 0,

if 6y, is mapped by 1 to a bias.

In the next section, we present the automatic differentiation mechanism that allows to
effectively implement the gradient descent algorithm, presented in this section.

10of the order of 102 for the simplest architectures, and up to 10'° or even 10! for architectures such as
transformers.

Hsometimes also refered as “Xavier normal” and “Xavier uniform”, both relating to Xavier Glorot.
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3.2.2. Automatic differentiation of neural networks

In this section, we will present the automatic differentiation method also called algorithmic
differentiation or simply “autodiff”, strongly following Baydin et al. (2018). Automatic
differentiation is a set of techniques designed for near exact!? numerical differentiation.
Methods for such numerical differentiation can be classified into four categories: “by hand”
differentiation, finite difference approximations, symbolic differentiation, and automatic
differentiation.

Working out derivatives by hand is very time-consuming, prone to many hard to detect
errors, and should therefore be avoided.

Symbolic differentiation can be seen as an automation of the former, built upon a small
set of simple computing rules'® guaranteeing no calculation errors. Nevertheless they often
result in exponentially large symbolic expressions which are both cryptic and costly to
evaluate, such a problem being known as “expression swell” (Corliss, 1988). What’s more,
they need close form expressions for the functions to differentiate, which can challenging
for functions that are only available as an algorithmic procedure.

On the other hand, finite difference approximations estimate a partial derivative of
a function f : R" — R™ in a direction r € R" evaluated at x € R" by coming back
to the difference quotient in its limit definition, i.e. by setting 0, f(x) ~ w or

orf(x) ~ W with h € (0,1] small enough. In comparison with symbolic
differentiation, this method scales linearly in the size of the Jacobian matrix (i.e. nm
here) and is therefore relatively cheap to compute. Moreover, it only needs to evaluate f,
which gives more flexibility to the expression of f. It is withal subject to inherently ill-
conditioning and instabilities, due to truncation'* and round-off errors, the later increasing
when the former decreases (Jerrell, 1997).

Automatic differentiation tries to take the best of two words: the exactness of sym-
bolic differentiation and the flexibility and simplicity of finite difference approximations.
Built over the observation that all numerical computations performed by an algorithm can
be ultimately decomposed as a succession of elementary operations whose derivatives are
known (Griewank and Walther, 2008), the core idea of automatic differentiation is then to
double the computations conducted by the algorithm with derivatives computations, com-
bining known derivatives of elementary operations through simple differentiation rules'?,
echoing in that symbolic computation although being quite different, since the derivatives
computations are not performed on abstract variables, but on specific instances of it as
for finite difference approximations. This allows to evaluate derivatives not only on closed
form formulas, but on general algorithmic operations, even if they include branching (i.e.
conditional statements) or loops, while preserving near exactness'? of the computation.
An illustration of the differences between those four methods, borrowed from Baydin et al.
(2018), can be found in Figure 28 in Appendix C.

In more concrete terms, let us give two differentiable functions g : R — R™ and p :
R —>Randset f:2zeR"— (3", p(z;)) g(x,) € R™. Then, given z € R" an evaluation
point, and r € R™ a partial differentiation direction or b € R™ a “partial differentiation
codirection”, automatic differentiation of f can be carried out in two different ways: in
forward mode to compute @, f or in reverse (or backward) mode to compute J f(z)Tb with
Jf(x) the Jacobian matrix of f evaluated at x and 7 the matrix transposition.

12yp to round-off errors that one gets when performing a computation using bits representations, which
have accuracy limitations and do not deal well in particular with multi scale information.

I3Leibniz product rule, chain rule, differentiation of polynomials and classical functions, etc..

144 e. the inaccuracy, one gets from h not actually being zero.
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Forward mode performs the derivative computation by initializing a differentiation
variable = r and then computing the derivatives of the operations performed as they
come with the help of the chain rule as shown in Table 12 below.

Sequence of operations to compute f(z) Sequence of operations to compute 0, f ()

V_pti =ux; 1<i<n V—pti =7 1<i<n
v; = p(V_pn1q) 1<i<n v; = 0" (V—pti)V—npi 1<i<n
Un+1 = Z?=1 Ui Un+1 = Z?:l ;
Unt1+j = g(vo); I<j<m Unt1+5 = g (vo);00 l<sjsm
Untl4m+j= Un+l+jUns1 1< J<m Unti4m+j = Unt145Un+1+VUnt14jUnt1 1< j<m

v f(a:)J = Un+1+m+j I<j<sm v arf(m)j = bn+1+m+j I<jsm

Table 12: Forward mode of automatic differentiation applied to f : =z € R* —

>k, p(x) g(x,) € R™ with given g : R — R™ and p : R — R, for which
respective derivatives functions ¢’ and p’ are known (adapted from Baydin et al.
2018).

The left table keeps track of the intermediate operations performed to actu-
ally compute f(z) in the variables (vy){Z172™. The right table shows how the
computation of 0, f(z) for a given r € R™ can be easily processed by instantiat-
ing the variables (0;,)}*]72™ and using them to track differentiation operations,
built iteratively starting from a partial differentiation direction r € R", and
then worked out following differentiation rules in conjunction with the values

recorded in variables (v;)71*2™ and derivatives functions ¢’ and p'.

As a consequence, this mode is very convenient when n « m, since in the extreme case
where n = 1, the derivative of f can be obtained after applying the above procedure'®
only once. In contrast, when n » m, obtaining the whole Jacobian of f implies applying
the above procedure n times (iterating r over the canonical basis vectors (e;)?_, of R"),
which makes it inefficient, in particular in the extreme case where m = 1. Unfortunately,
the former is precisely the case encountered in the gradient descent algorithm presented
in Section 3.2.1, since applying the gradient descent of Definition 3.9 involves computing
the differential of ¢ : R — R. Fortunately, the reverse mode presented below bridges this

gap.

Reverse (or backward) mode is less intuitive than the forward mode, since it does
not perform differentiation operations concomitantly with the evaluations of g, p and
ultimately f. Instead it keeps track of the elementary operations performed (g and p
evaluation at x, and each (x;)!,, respectively, summation of the (p(z;));_,, and finally
multiplication of g(z1) by > | p(x;)), while computing partial derivatives of each ele-
mentary operation with respect to the following when they are related, thanks to the
backward chain rule and the derivatives of elementary operations. Once the evaluation
of f at = has been performed, it finally computes the derivatives in reverse (also called
backward) direction'® following the tracked elementary operations dependencies, starting
from the “partial differentiation codirection” b. This procedure is illustrated in Table 13
below.

called forward pass, hence mode’s name.
6hence mode’s name
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Sequence of operations to compute f(x) Sequence of operations to compute .Jf ()b
V_pis = x; 1<i<n A Jf(x)Th, =v_pn4s 1<i<n
Tnti =7; av"i”:“ 1<i<n
=; p/(U,nJﬂ-)
To O Tl 70"5;;” + Ty, Z%g
= Y521 Un+1+5 9 (V0)n + Tnp'(v0)
v; = p(V_pnis) 1<i<n U; = Un+1 6%7;?1 1<i<n
= Un+1
Ut =00 Un+1 = Z;nzl Un+14+m+j %ﬁj
= Z;n=1 Un+14+m+j Unt1+j
Unt14; = 9(vo); 1<j<s<m Unt+14+j = Untltm+j a?;:%f I<sjsm
Untl4m+j= UntltjUnt1 L <T<m = Un414+m+j Un+1
VY f(@); =Vnt1ems; 1<jism Un+1+m+j= bj I<jsm
Table 13: Reverse mode of automatic differentiation applied to f : =z € R" —

(>, p(;)) g(z,) € R™ with given g : R — R™ and p : R — R, for which
respective derivatives functions ¢’ and p’ are known (adapted from Baydin et al.
2018).

The left table keeps track of the intermediate operations performed to actu-
ally compute f(z) in the variables (vy){Z172™. The right table shows how the
computation of Jf(x)Tb for a given b € R™ can be easily processed by storing

the depencies between the variables (vg)7t1*2™ tracked in the left table while

computing their relative derivatives ag’;" forl—n <i <i+k <n+1+2m when

vi4k 18 related to v; in the left table corﬁputations, following differentiation rules

in conjunction with the values recorded in variables (v;)?f172™ and derivatives

functions ¢’ and p’. Once the left table operations are done, one can the itera-

tively compute variables (;,){fT2™ starting from a partial differentiation codi-

rection b € R™, and then working out following differentiation rules in conjunc-
tion with the values recorded in variables ag’T*k forl-n<i<i+k<n+1+2m
when v; . is related to v;.

As stated above, this mode is thus very convenient when n » m, since in the extreme
case where m = 1, the gradient of f can be obtained after applying the above procedure
only once by setting b = 1. Conversely, when n « m, obtaining the whole Jacobian of f
implies applying the procedure described above m times (iterating b over the canonical
basis vectors (¢;)7; of R™), which makes it inefficient, in particular in the extreme case
where n = 1.

Beyond gradient descent, presented in Section 3.2.1, for which it was first introduced in
deep learning'”, automatic differentiation can also be used to compute the derivatives of
the outputs of a neural network with respect to its inputs. Furthermore, as this operation
is also a numerical computation, it can in turn be differentiated with the same procedure.
This is the applicative cornerstone of Physics Informed Neural Networks (PINNs). It’s
also worth noting that beyond numerical results, that is the main idea added by Raissi
et al. (2019) in comparison to Lagaris et al. (1998), which no doubt explains why interest
in PINNs only really took off from then on. More precisely, if D or B of Definition 3.8

7the combination of gradient descent and automatic differentiation has become so popular that it now
bears its own name : back-propagation.
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are differential operators, they can be computed on the image evaluated at some § € R”
of an architecture ¢ : R’ — F(R™ — R™) of Definition 3.2, evaluated itself at some
point x € ). Then the result of this operation can be in turn differentiated with respect
to #. In particular we could then apply back-propagation to £ o1 with £ being the
theoretical PINNs loss of Definition 3.8, but this is not possible as it stands, since £
involves calculating integrals. Approximating such integrals is precisely the aim of the
next section.

3.2.3. Loss approximation

In this section, we will discuss the approximation of the Loss defined in Equation (3.5),
so that it can actually be implemented on a computer. For the sake of clarity, let us recall
Equation (3.5):

Lemn(f) =D HD(f)Hian(Q,)\n) + 7B HB(f)”ian(BQ,Un) :

By definition, this can be rewritten as:

Lomn(f) == 70 f D)@, Aldz) + 75 L BN, oulde): (315)

As mentioned, we assume that operators D and B are indeed computable, which will be
the case for differentiable operators, thanks to automatic differentiation presented above
in Section 3.2.2. The norms |-|,,, ~and |-|,,, —are Euclidean norms on R™? and R™2
respectively and are therefore computable. The only non-computable operations are then
the two integrals.

While numerical integration is an extensively studied subject (Davis and Rabinowitz,
2007), most if not all approximations used for losses, in the context of deep learning, are
based on Monte Carlo or quasi-Monte Carlo methods (Lemieux, 2009). In a nutshell,
given a measurable space A equipped with a finite-measure p and an integrable function
f:A— R, (quasi-)Monte Carlo methods approximates the integral

Lf(x)u(dx>,

by sampling k € N; points (X;)%_; from the probability distribution P, := ~tm and then
stating
k
(A
[ seman ~ 523 5x0)

A i=1
This is justified by the law of large numbers. Indeed, given X a random variable following
the law given by P,,, and (X);en, independent and identically distributed random variables
also following the law given by P, we have:

k—+00

1 1
P ( lim E;f(Xi) =E[f(X)] = L f(x)P,(dz) = ML f(x)u(drr)> =1

There are two strong arguments advocating for the use of (quasi-)Monte Carlo methods
in deep learning:

38



3. Neural Networks and Physics Informed Neural Networks (PINNs)

1. for most deep learning applications, only a certain amount of data is available for
a given probability distribution, which are usually data coming from experiments.
Therefore Monte Carlo methods allows to approximate the loss integral with the
available data, while giving reasonable hope that this will indeed be a good approx-
imation of the theoretical loss.

2. Monte Carlo’s methods are “computationally cheap”, i.e. they only involve opera-
tions that are easy and fast to perform on a computer. Indeed, aside the computation
of f which is generally just a norm calculated on empirical data, there is only a sum
to perform, which is computationally inexpensive and easy to parallelize, followed
by scalar multiplications to apply to the sum obtained, which is also very fast.

3. (quasi-)Monte Carlo methods have a slower convergence speed than other classical
quadrature methods, as for instance Gaussian quadrature. Nevertheless they are
independent of the space dimension, which makes them particularly suitable for
most deep learning applications, where the dimension of the “data space” can be
very large (for instance of the order of one milllion for images).

Since Q is compact, A\,(2) < +o0 and 0,(0Q) < +oo. We can thus apply a Monte
Carlo approximation to the loss (3.15). Given samples (Xp ;)5 , (Xp,);5 sampled from

P, = % and P, := % respectively, the loss (3.15), rewrites as:
7D>‘ ’YBUn(aQ) «
Lonpmp (f) - Z ID()(Xpa)l; + m—BZ |B(H(XBa)l;
i=1
We will state that in a definition, setting for convenience jp := YpA,(Q2) and Jp :=
VB0 (0R2).

Definition 3.11 (Empirical loss of PINNs). Let be f € Fyn with Fny as in Definition 3.7
and mp,mp € Ny. The (mp, mp)-empirical loss of PINNs is then defined as:

~ mp ~ mp

D B
Linpms(f) = DDA Xpa)ls + —= D IBU)(Xp)l5 . (3.16)
D=1 B o1
where 4p, Y5 > 0 and (Xp,)5, (Xp,)ie5 are sampled from Py, := /\:("Q) and P, :=

% respectively.

Remark 3.11. Strictly speaking, the loss L, m, of Definition 3.11 is a random variable,
built upon (Xp,):*7 and (Xp,);"5. Nevertheless, for empirical applications, one works
with an actual outcome of this random variable, or equivalently with actual outcomes of
(Xp.i)ith and (Xp,)i-4, which makes effective evaluation possible.

Remark 3.12. We mentionned in Remark 3.10 in Section 3.2.1, that the gradient descent
used in deep learning was a slightly modified version of the one presented here, with the
modification coming from the loss. To explain this, let us fix outcomes (y;p);5 and
(yig)ih from (Xp,)5 and (Xp,);-5, respectively, as explained in Remark 3.11. The
Stochastic Gradient Descent (SGD) algorithm consists then in applying the Gradient
Descent algorithm (or any of the variants described in Section 3.2.1) to a modified version

of the loss L,,, m, using only a subset of the outcomes (y; p);"5 and (y; )5, namely
given Sp a subset of {1,... ,mp} and Sp a subset of {1 ...,mpg}: for all fe Fnn
Yo
Lspss(f) = a7 2 D)5+ IB(f)(@)];,
Pl s P g X 1P
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with for all S € {Sp, Sg}, |5 the cardinal of S. This change is made because mp, mpg are
often of the order of tens of thousands, or even millions, making it impossible to compute
Ly ,.mp in practice. The term stochastic comes from the fact that the sets Sp and Sp are
generally chosen at random, but in such a way that all outcomes (y; p)i5 and (v; )i

are chosen the same number of times during the learning process.

Now that we have approximated the loss, two potential pitfalls remain: how to the
effectively sample points from a given measure in order to effectively implement a Monte
Carlo method for integral’s quadrature and evaluate the convergence rate of Monte Carlo’s
quadrature according to number of sampling points.

First point is in fact a field of research in its own right, and goes far beyond the
scope of our work. Furthermore, for our specific case, this question does not present any
difficulties as it will be shown in Section 4.1.1. For an exhaustive introduction, one may
refer to Lemieux (2009).

The second point is precisely the so-called generalization error that is introduced in
the next section, along with other theoretical tools designed to study the approximation’s
errors of neural networks. Results on generalization errors analysis for PINNs will be
carefully reviewed.

3.2.4. Theoretical tools for error’'s studies of neural networks

Following Definition 3.7, let us fix some PINN’s problem in a Banach space Fu s, equipped
with norm || -, with some architecture collections dense subspace A € P, (Q) and
some PINNs loss £ as defined in (3.5). We assume that such a PINN problem admits a
solution u* € Fprnr. We also fix a subspace H < A which is assumed to be non dense
in Fan. We want now to provide a coherent framework for discussing approximation
errors informally introduced in Remark 3.7. To this end, we introduce the subsequent
key’s concepts, that are the three components of the total approximation error (see Berner
et al. 2021 for a more formal introduction):

The approximation error is a quantification of the error made when considering heH

~

such that L(h) = }n?fl L(f) (provided it exists) instead of u* € Fppr, €.9.
€

~

h—u*

NN
This error makes sense, since H is not assumed to be dense in Fxrar anymore and thus
the universal approximation Theorem 3.1 does not hold. Proving general estimates
for such approximation errors with neural networks function classes is an active field
of research. One could for instance refer to Elbrichter et al. (2021) for a general
introduction, to De Ryck et al. (2021) for explicit bounds estimates in high-order
Sobolev norms for MLPs with tanh activations and to Schwab and Zech (2021) for
a careful review of bounds estimates in L? spaces with Gaussian’s measures.

The generalization error is the error that arises from the quadrature described in Sec-
tion 3.2.3. More precisely, let us fix mp,mp € Ny, set m := (mp, mp) € N}, and
consider the empirical loss L,,, m, of Definition 3.11 rewritten as L,, for conve-
nience. Then the generalization error is a quantification of the error made when
considering h,, € H such that L,,(h,) = }g[ L (f) (provided it exists) instead

of h € H such that L(h) = }16175 L(f) (provided again it exists), e.g. Hhm - hHNN'

Generalization errors for deep learning have been intensively studied and is still an
active field of study. One could refer to Goodfellow et al. 2016, Chapter 5, Section
2, page 110 for a introduction, and to Jakubovitz et al. (2019) for a survey.
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3. Neural Networks and Physics Informed Neural Networks (PINNs)

The optimization error quantifies the error made when considering some given h,, € H
instead of h,, € A such that L,,(h,,) = in}fl L,,(g) (assuming that such a h,, exists),
ge

e.g. B — hmHNN' h., is meant to be the result returned by some algorithmic op-

timization procedure, in particular in the context of neural networks, a (stochastic)
gradient descent as described in Section 3.2.1. Those optimizations often fail to
find a global minimum, due the non-convexity of L5, or even Lj4. Indeed, even if
L is strictly convex, L4 is often highly non-convex, due to the highly non-convex
structure of A. The same remarks apply to £,, and H. The understanding of the
properties of those losses is known as loss landscape study (Sun et al., 2020), and is
an active research domain (Simsek et al., 2021; Cooper, 2018). This is also strongly
related to convergence results and dynamics analysis mentioned in Remark 3.6 of
Section 3.1.3. We also believe that the preliminary work developed in Appendix D.3,
following Jacot et al. (2018), may be an interesting direction to contribute to this
problem’s study.

H
o

Optimization Error Generalization Error Approximation Error

Figure 4: Illustrations of the theoretical total errors of a neural network (adapted from
Shin et al. 2020)
Here, H is meant to be some functional space covered by a neural network’s
architecture (see Definition 3.2) when varying the weights, which is in general
non dense in the considered ambient space Fa in which a solution u* € Fyp to
a given PDE exists (see Section 3.1.4). h € H is a neural network minimizing the
theoretical PINN’s loss £ (see Definition 3.8), while h,, € H is a neural network
minimizing the empirical PINN’s loss L, m, (see Definition 3.11). Finally
h., € H is a neural network obtained from an optimization process that did not
converge to a global minimum of £,,, ,,, in H. Thus, the total approximation
error made by taking h.,, instead of u* can be decomposed in three components:
e The approximation error, made when taking h instead of u*, which comes
from the “lack of expressivity” of the neural network (or equivalently “to what
extent is H not dense in Fpn”).
¢ The generalization error, made when taking h,,, instead of iz, which comes from
the quadrature error when tacking the empirical loss instead of the theoretical
loss.
e The optimization error, made when taking h,, instead of h,,, which comes
from the fact that the optimization procedure failed to reach a global minimum
of the empirical loss in H.

m

We illustrate those three different errors in Figure 4. We can now review the few existing

results (indicating that more research is needed) concerning the generalization errors for
PINNG:
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3. Neural Networks and Physics Informed Neural Networks (PINNs)

Shin et al. (2020) show that the generalization error can be made arbitrarily small when
the PINN problem is a linear second-order elliptic or parabolic type PDE having a
solution in a Holder space, under strong precise assumptions on €2 and the PDE.
The approximation error is briefly treated, but relies mostly on the universal ap-
proximation Theorem 3.1. As a complement, we detail a proof in Appendix E.

Mishra and Molinaro (2020) show precise error estimates in Sobolev’s norm for the
generalization error in an abstract setup. They also apply these results to three
classes of partial differential equations, namely semi-linear parabolic PDEs, viscous
scalar conservation laws, and the incompressible Euler equations of fluid dynamics.
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4. Approximation of the P2D model with PINNs

4. Approximation of the P2D model with PINNs

In this section we present our empirical results. As announced in the introduction, the
aim of our work is to show that the Physics Informed Neural Networks (PINNs) methods
presented in Section 3 are a viable option to tackle the approximation of the Pseudo-
Two Dimensional (P2D) model, presented in Section 2, that emulates the electrochemical
behaviour of a lithium ions battery cell through Partial Differential Equations (PDEs).
Although we did not obtain complete results, i.e. a full resolution of the equations in
long timescale (of the order of a thousand seconds), we did obtain two important partial
results.

The first concerns the success of the method for intermediate timescales (of the order of a
hundred seconds) supported by the input of additional data coming from the LIONSIMBA
solver (cf. Torchio et al. 2016), located on the borders of the cell sections (cf. Notation 2.2
in Section 2.3.1). Those results are carefully presented in Section 4.3. The second partial
result concerns the extension of the intermediate timescales results to long timescales
(of the order of a thousand seconds), thanks to the extended-PINN method (Jagtap and
Karniadakis, 2021).

We finally review the method in a short timescale (in the order of one second), without
additional data. Those results are carefully presented in Section 4.4.

In the following, we briefly introduce our experimental framework, reviewing the tools
and metric used to asses our results. We then detail some results concerning the approx-
imation of the P2D model by learning from data alone, as it may be done in industrial
applications (e.g. c¢f. Sarvi and Masoum 2008; Zhang et al. 2009), and show its limitations,
while illustrating the metrics of our experimental framework.

4.1. Presentation of the experimental framework

In this section, we present the different tools and metrics that we used to produce and eval-
uate our experimental results. We start by showing how the equations of the (simplified)
P2D model in Section 2 can be reformulated into the PINNs problem framework of Sec-
tion 3.1.4, before presenting the LIONSIMBA library to which we will compare ourselves,
and finally introducing the different metrics used to evaluate our results. The hardware,
softwares and libraries used and their functionalities are reviewed in Appendix F.1.

4.1.1. Reformulation of the (simplified) P2D model into a PINNs framework

Following the theoretical loss:

2 2
Lenn () =0 1D(Niz, @ T8 1BH:, @00,

of Definition 3.8 in Section 3.1.4 and its approximated version:

mp ~ mp

YD 2 B 2
Lrpma(F) = 20 DD Xl + 220 2 1B Xs )l
of Definition 3.11 in Section 3.2.3, we have to define the domain §2 and the operators D
and B according to the simplified P2D model. Let us start by defining €.

() is the union of the interiors of each of the cell sections (cf. Table 1) over time. It is
then defined as:

Q= | (@) x [0, T, (4.1)

ie{a,p,s,n,z}
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4. Approximation of the P2D model with PINNs

where for all i € {a,p, s,n, 2z} Z; and z; are the cell sections ends (cf. Table 2) and Tiax is
the scope of time in which the model is considered (cf. Table 3). Note that €2 has closure
[20,2,] x [0, Tnax|, which is compact. Thus, we have that 2 is relatively compact and
therefore of finite Lebesgue measure, and that its boundary is:

09 = [xo, 2] x {0} ] U i} < [0, Tonax] |70, 221 % {Thnas} (4.2)

1€{0,a,p,s,n,z}
which is also of finite measure for the surface measure. Before going any further, let’s
introduce the following notations for the sake of simplicity:
Notation 4.1 (Subdomains of 2).

e foralli € {a,p,s,n,z}, Qi = (T4, ;) x [0, Trnax] Will design the inner domain of
section %.

o 00k = Uicto.apsney i} % [0, Tinax] and for all i € {0,a,p, s,n, 2}, o0k = {x;} x
[0, Thnax ] will design the domain of the interface between two consecutive sections at
coordinate x;. See Table 2 for more details.

o 00 := [xg,2.] x {0} and for all i € {a,p,s,n,z}, 00 := [&;, 2;] x {0} will design
the domain of the intial conditions for section 7.

Notation 4.2 (Main variables of section). For all i € {a,p, s, n, z}, the notations MV (%)
(for Main Variables) will designate the main variables that are defined on cell section 4,
namely:

e MV(a) = MV(2) = {T},
o MV(p) = MV (n) = {T,Ce, C%, de, b5},
(] MV(S) = {T, Cey¢e}>

Notation 4.3 (Cell sections domain of variable). We also introduce the “dual” notation
for all uw e {T,C,, C?, ¢, ds}, SD(u) (for Sections Domain) that designate the cell sections
on which u is defined, namely:

e SD(T) = {a,p, s,n,z},
° SD(Ce> = SD(¢€) = {p757n}7
e SD(C?) = SD(¢,) = {p,n},

Let us now define the operators B and D. To this end, we need to rewrite each of the
equations of Section 2 by subtracting from both sides of the equality all the elements on
the right of the equal sign, so as to obtain an equation with one side equal to zero. For
instance, Equation (2.3a) on a: for all (z,t) € Q,

Lipp (1)
PaChpaliT(,t) = N0 T, t) + —22—
Oeff,a
rewrites: for all (x,t) € Q,
12 (t
PaCpaOiT (2, t) — N2 T (z,1) — Lapy () = 0.
Oeff,a
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4. Approximation of the P2D model with PINNs

Now, to each section i € {a,p, s,n, z} of the cell, we attach an operator:

where m; € N; is the number of equations defined on section ¢, each coordinate of the
image of D; corresponding to the left hand side of the rewritten equations. For instance,
the differential operator D, attached to section a, is the operator:

a.{c2 (Qy — [0, +0))" — C°(Q, — [0, +0))" 44

T (pacpaﬁtT A0y T — )

Oeff,a

Remark 4.1. As one may have noticed, we have defined the D; operators as operating
on C%(Q; — R)™, but we have written that the D, operates on C? (Q, — [0, +0))". We
have taken this shortcut on the range of the functions so as not to make the notations
even more cumbersome. See “Range” column of Table 4 for details.

Remark 4.2. We cannot define an independent operator for each equation, since the equa-
tions on each section are coupled to each other.

Note that we have:
e m, = 1, since the only equation defined on a is (2.3a).
e m, = b, accounting for Equations (2.4a), (2.6a), (2.8a), (2.12c) and (2.13a).
e m, = 3, accounting for Equations (2.5a), (2.7a) and (2.9a).
e m, =5, accounting for Equations (2.4a), (2.6a), (2.8a), (2.12¢) and (2.13a).
e m, = 1, since the only equation defined on z is (2.3a).

Having done so, we can finally define the operator D by:

( C2(Q—-R)° — [T ¢ —R)™
ie{a,p,s,n,z}
Do(T)q,)
D : { (T|Qp70 ‘vac*’9p7¢e|9pa¢s‘ﬁ ) R (45)
(T, 0670;7¢S’¢6> — Dp( 57¢e )
Dp(T|Qn,C [0, Cilans Pelon, sla)
( D.(Tle.)

In a more informal way, D is the operator that maps the five main variables T', C., C¥, ¢, ¢
to their restrictions on each section so that D(T, C,, C¥, ¢s, ¢.) = 0 is equivalent to the fact
(T,C.,C?, ¢s, @) are solutions to Equations (2.3a), (2.4a), (2.5a), (2.6a), (2.7a), (2.8a),
(2.9a), (2.12¢) and (2.13a). B is defined in the same way. More precisely, we will define
two operators B and B, representing the boundary conditions at the sections interfaces
and the initial conditions respectively. We then have:

o for all i€ {a,p,s,n,z}, B:C (00 - R)™ — C% (00 — R)™ with m; as defined
above. Note that:
B¢ is built upon Equation (2.3d).
Bi¢ is built upon Equations (2.4d), (2.6¢), (2.8d), (2.12d) and (2.13d).
B¢ is built upon Equations (2.5d), (2.7d) and (2.9d).
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4. Approximation of the P2D model with PINNs

B¢ is built upon Equations (2.4d), (2.6¢), (2.8d), (2.12d) and (2.13d).
B¢ is built upon Equation (2.3d).

e forallie {0,a,p,s,n,z}, B¥:C? (00 — R)m?c — C° (00 — ]R)m?c with:
my¢ = 1 accounting for Equation (2.3b).
mP = 4 accounting for Equations (2.4b), (

b (2.7b), (2.9b) and (2.13b).
m? = 4 accounting for Equations (2.5¢), (2.7¢), (2.9¢) and (2.13b).
mb = 4 accounting for Equations (2.4c), (2.6b), (2.8¢) and (2.13c).

m% = 1 accounting for Equation (2.3c).

2.6b), (2.8b) and (2.13c).
mb = 4 accounting for Equations (2.5b),

As for D, we then define B as:

[ 20 >R — ] CO(eQic — R)™
ie{a,pg,n,z}
BZC(T’anc)
B : 4 B (Toqie, Celogie, CF laqie, Pelocie, dslocse) |, (4.6)
(T7 Oev C;a ¢Sa Cbe) — BZC(T’(?QQ% Ce|6Q§C> ¢e|6§2§°>
CET’aQ%C? Celoqic, C%logie, Peloqic, @slaqic)

B,
B’LC T’&Q;C)

\ z

and B as:

mbc
(e (o - R)' — ] (a0 —R)™
ie{a,p,}s),n,z}
Bgc(Tngc)
Bt . | B (T |aqpe, Celagpe, el aqpe; Psloqne)
. (T C ¢ ¢) — BSC(T|6QgC7Ce|aQIbfa¢e|69§¢a¢s|6ﬂ§c)
Y BT aqpe; Celaqpes deloqpe s dslone)
BT |aqe, Celoque, delaque, Ps|aqee)
BY(T|aqze)

\

Finally, we define B as:

C2 (00 > R)® — CO (00 - R)" x C° (00t — R)"®

B: B(Taqic, Celaqic, Cslagie, Gelaqic; dslagic) > , (4.8)

T7 Ce? C;? S e [ C ’ ; ’ y ’ .

( ¢ c) ( B"(T|aqee, Celagpe, Gelore, Pslague)

where 15 = Zie{a,p,s,n,z} my, and 18 = Zie{o,a,p,s,n,z} m?c'
In order to define loss
VD «
Lopmp(f) = o DD (X + ZHB (X53)3
1=1

of Definition 3.11, all that remains is to define a sampling method for 2 and o).

Given the extremely simple geometry of 2, we could simply draw mp € N; numbers
(%i)1<i<m, uniformly in [z¢,z.] and mp numbers (¢;)1<i<m, I [0, Tmax] and then take
the pairs (;,t;)1<i<m,. Nevertheless, we're going to modify this procedure slightly, firstly
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to have exactly the same number of pairs in each of the sections, i.e. in each of the €);
Vi € {a,p,s,n,z}, and secondly by forcing the pairs to be more evenly distributed in each
of the €; by replacing the uniform sampling with the Latin Hypercube Sampling (LHS;
cf. McKay et al. 2000). The latter is justified by the fact that LHS has been shown to
have more suitable statistical properties than uniform sampling for numerical integration
with Monte Carlo methods, see for instance Lemieux 2009, page 234. We proceed in
exactly the same way for sampling for B on 0f2, with a dedicated draw on each of the
Qe Vi e {a,p,s,n, 2z} and 00 Vi € {0,a,p, s,n, z} domains.

We have already pointed out that the loss weights vp and g are of particular impor-
tance to train a neural network with loss £, . Nevertheless, we will not discuss this
aspect here, but rather illustrate their choice in the following sections devoted to results
reviewing.

Now that we have specified how the equations of the sinplified P2D model can be used
to build a PINNs loss, we will briefly introduce in the next section, the LIONSIMBA
solver for the P2D model, which we will use as a reference to evaluate our results.

4.1.2. LIONSIMBA

Introduced by Torchio et al. (2016), LIONSIMBA (Lithium-ION SIMulation BAttery
Toolbox) is a solver for the P2D model written in Matlab. It approximates the solutions
of the simplified P2D model equations by first reformulating it into a differential-algebraic
system of equations (DAE; see for instance Kunkel 2006 for an introduction) and then
discretizing the spatial domain (the cell assembly direction, i.e. the first variables domain
in our model presented in Section 2) using Finite Volume Methods (FVM,; see for instance
Liu 2018 for a brief introduction). The equations are then solved using a time adaptive
DAE solver.

To produce the results presented in this chapter, we set up LIONSIMBA to return
linearly interpolated results, with an accuracy of half a second in time, and a discretization
of two hundred points per section in space. These parameters have been chosen in order
to maximize the accuracy that can be obtained with LIONSIMBA (indeed, we have
experimentally observed that LIONSIMBA struggles to converge for an accuracy greater
than 200 spatial discretization points). To facilitate the remainder of this presentation,
we will introduce the following notations:

Notation 4.4 (LIONSIMBA domains and variables).

e for all i € {a,p, s,n, z}, Mg, will denote the mesh used by LIONSIMBA to discretize
Q;, 1.e. with a precision of half a second in time, and two hundred points evenly
distributed along the space direction of section i. More formally, we have: for all i €

{a7p7 87 n? Z}

2 1 L4
M, = {(mﬁ-(] 5) (@i — ;) E) $1<5<200,0<k< [QTmaxJ}- (4.9)

200 "2
e Mg will denote the mesh used by LIONSIMBA to discretize ) as a whole, i.e. :

Mo= | ) M (4.10)

Ze{a7p’s’n7z}
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e for all i € {a,p,s,n,z}, x?eg and z¢"? will denote the discretization points in space

used by LIONSIMBA at the left end of the section cell ¢ and at the right end of the
section cell 7, respectively. More formally, we have: for all i € {a, p, s,n, z}:

beg .: i.l + (xl - jl) _ T 411

i 400 400’ (4.11)
and: . 209 .

gend 2o+ 399 &) (4.12)

! 400

o for alli € {a,p,s,n,z}, ]\}[é’f and Mgc will denote the part of the LIONSIMBA'’s
mesh for section 7 through time that is at the left end of the cell and at the right
end of the section cell, respectively. More formally, we have: for all i € {a,p, s,n, z}

Mgbfb = {(le?eg> g) o1 < k < [2TmaXJ} 5 (413)
and: .
MY = {(xf”d, 5) 1<k< [2Tmaxj} | (4.14)

e for all i € {a,p,s,n,z}, Mf{ will denote the space discretization points of section ¢ in
LIONSIMBA taken at initial time. More formally, we have: for all i € {a,p, s,n, z}

Mie = {((‘j — ) _”m,o) 1<) < 200}. (4.15)

200

o for all ue {T,C,, CX, ¢, ps}, urs will denote the approximation of the variable u by
LIONSIMBA on the meshes of the sections corresponding to it. More precisely, we
have that:

— Tig is defined on Uie{a,p,s,n,z} Mg,
— Cers and ¢epg are defined on (J,eq, .y Mo,
— Cf1s and @15 are defined on ., .y Mo,

LS,i
vt

e Following the last point, we introduce for all i € {a, p, s, n, z} the sequences ( Ji<j<m,

defined as:

— for all i € {q, z}, (U;S’i)lsjgl = <1LS’M9.>'
1

— for all i € {p,n}, (Uj ">1<js5 - (TLS‘MQ.7CeLS‘MQ.’CS*LS‘MQ-7(beLS‘MQ" SLS‘MQ)'
2 g 4 v ‘

- (UJI«JS’S)1<]<3 = (TLS‘MﬂsaOeLS\MQSu¢eLS|MQS)'

Finally, without going into further detail, we will simply point out that LIONSIMBA
slightly modifies the boundary conditions equations, by applying an harmonic mean to
the parameters on either side of the interface between two sections of the cell, in order
to make the transition smoother. For instance Equation (2.4b) is thus rewritten as:
for all ¢t € [0, Trnax]

~NapOeT (1) = Nap0eT (1) :

—rend _ beg
T=x¢ T=Tp
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where A, = m with 8 accounting for the difference between the discretization
widths in section a and section p, i.e. § = £2=2%0  See paragraph “Implementation of

Tp—T0
boundary and interface conditions” page A1197 of Torchio et al. (2016) for more details.
We now present in the next section, the metrics used to evaluate our results.

4.1.3. Evaluation metrics

Two types of metrics will be used to evaluate our results. The first are common metrics
in the deep learning context, derived directly from the learning process and the second
are more classical metrics in the context of approximating PDEs solutions:

Loss based metrics: Following the formalism of Section 3.2.1, they consist of the se-

quence of weights <€(§n)) , bevor <§n> is the sequence of weights ob-
1<n<o 1<n<w

tained by one of the gradient descent algorithms. More precisely, we will consider

one such sequence ¢¢ for each output line ¢ of operators D and B defined in Sec-

tion 4.1.1 (see Equations (4.5) and (4.8); line i corresponds thus to an equation).

The loss ¢! is computed by averaging the square of the line output over the sampled

points. For instance, back to our example of Equation (2.3a), the associated loss
(32 is given by:

23 1 L (1) [
(232(g) = D1 1PaCrali®(0)(,t) — Nalp2 W (0)(z, t) — —2=
|SQ | ’ Oeff,a
@ (I,t)ESQa ’
where Sg, is a set of points sampled on €, of cardinal |Sq,|.
Those metrics will usually be illustrated by the graph of (ﬁ(én)) with respect
1<n<ow

to n.

Absolute and relative errors: Those metrics will be computed with the help of the data
obtained by LIONSIMBA (see Section 4.1.2). More precisely, given a variable u €
{T,C.,C%, pe, ¢s} defined on a domain €2, i € {a,p,s,n,z}, a subset A < M,
of Mq,, we will assess the PINNs results by computing the Mean Absolute Error
(MAE):

MAE (U‘A) = % 2 |UP1NN(JI7t) - ULs<ZL‘,t)| s (416)

| | (z,t)eA

and the Mean Relative Error (MRE):

1 lupinn (2, 1) — ups(w, )|
MRE = — 4.17
C)=m 2 = war (417

where upyy is an approximation of u obtained by a neural network trained with a
PINNs loss and ups is an approximation of u given by LIONSIMBA. Note that |A]
refers again to the cardinal of the set A. Along the same lines, we could consider
the Mean Squared Error (MSE):

1

MSE (U}A> = m Z |uPINN(x,t) - ULs(I,t)|27 (418)
(z,t)eA
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and the Mean Squared Relative Error (MSRE):

MSRE (u|A) = % Z

’ ’ (z,t)EA

|upinn (2, 1) — ULS(IIC’J)‘2
lurs(z,t)[? ’

(4.19)

with the same notations as for MAE and MRE.

Rather than considering these numbers, we will also often plot as a heat map, the
difference function:

A, = (z,t) € Mg, — upinn(,t) — ups(z, t), (4.20)
and the relative difference function:

upinn (2, ) — urs(z,t)
ups(z,t)

Al = (x,t) € Mg, —

u

: (4.21)

with the same notations as above.

In the following section, we illustrate the framework presented in this section by apply-
ing a purely data-driven approach, taking the opportunity to show its limitations, which
justifies our work.

4.2. Data driven approach

The first experiments we conducted involved an approach based purely on data from
LIONSIMBA (c¢f. Section 4.1.2). Their aim is to show that neural networks can correctly
approximate the solutions of the simplified P2D model (cf. Section 2), and to infer certain
hyper-parameters and modifications of the neural network and loss. They also serve to
illustrate the metrics we presented in Section 4.1.3.

42.1. Loss

To define the loss, we will consider for all i € {a,p, s,n, z} and m € [0, 100], sub-samples
M{Z% of Mg, containing m percent of the points contained in Mgq,, with Mg, the notation
of Equation (4.9) introduced in Section 4.1.2. Given these sets, we will train a neural
network upmny to learn the values of uLs‘ Mz for all uw e {T,C., C?, ¢s, ¢} with the nota-

tions introduced in Section 4.1.3.

More formally, for all i € {a, p, s,n, z} we replace the operator D; of Section 4.1.1 by:

. C2(Q->R)™M — F(OQ,->R)™ |
PV iiem — (1220 Dha 0@ (@) - 0¥ @)
M 422)
with the notations of Section 4.1.2 and for all y € Mg, d, being the Dirac delta distribution
on §); at point y:
1 ifz=y

0y 1 x € () — ] ,
0 ifzx#y
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4. Approximation of the P2D model with PINNs

resulting in a modifed operator D built from D3 as D is from D;. We then set the B
operator to 0 and obtain the data-driven loss on m percent samples:

Cost(f) = ——— ) DY), 1), (4.23)

- m%
|Mg™| (z,t)e M

with M37% .= | MZ% or equivalently:

iE{a,p,s,n,z} Qz

Lonh) = Y — S [DM(A) @)
g

i€{a,p,s,n,z} Q; (m’t)eMsrzn-%
3

4.2.2. Neural network setting

To define the approximating neural network, we take for all i € {a, p, s,n, z} one architec-
ture ¥; approximating simultaneously the m; variables defined in section ¢, with widths
(2,128,128,128,m;) and scalar activations tanh (cf. Table 16), except on the last layer,
where we take a linear activation. Thus, we have: for all i € {a,p, s,n, z}

Im¥; < C*(Q; —» R™) < C*(Q; » R)™,

and we set for instance for i = s, for all § € R, W,;(0) = (Tprn, Copinn, Pepiny)s With
P =3 (I x (Lisy + 1)), where (I;)o<j<s = (2,128,128,128,m;).

More precisely, for all ¢ € {a,p, s,n, z}, we right-compose ¥; by an input scaling func-
tion s; : ; — <—@, @) X [—@, @] that transforms the coordinates of 2; so that
the image of an uniform sampling on €2; by s; has mean zero and variance 1. This is
motivated by the fact that neural networks are known to perform poorly if their inputs
are not properly scaled, see for instance Sola and Sevilla (1997). More precisely, we define:
for all i € {a,p, s,n, z}

0 — <_@ @) % [_@ 12]
xi+ii tTmax) 9 (424)

, ) 2
(:C, t) z;—%; 9 Tmax
V12 V12

and modify ¥; into ¥/, so that for all § € RY, W/(0) is defined in <—@, ‘/Tﬁ) X [—‘/Tﬁ, @]

and no longer in €;, and consider V}(f) o s; instead of ¥;. Similarly, as the orders of
magnitude of the different variables approximated by W, is very different, we also left-
compose, for all i € {a,p, s,n, z}, U, by an output scaling function o;, so that the outputs
of the neural network are of zero mean and variance equal to 1 when the network correctly
learns the solutions of the P2D model. To do so, we compute the empirical mean and
variance of each variable on each section thanks to the LIONSIMBA approximation. More
formally, we define: for all i € {a,p, s,n, z}

0; : i i , 4.25
(Yj)i<jsm: — <yj\/wj+|]\/llﬂi > o (2)> (4.25)
=M, 1<g<sm;

where: for all i € {a,p,s,n,z} and for all 1 < j <m;

i 1 LS,i 1 LS,i
’LU]- = %—_1 Z ’Uj (Z) - |M Z Uj (w) s (426)

zeMgq, weMgq,
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4. Approximation of the P2D model with PINNs

and consider for all § € R, 0;0 W}(f) o s; as the approximating function. To set the mind
at rest, we define on each cell section i € {a, p, s,n, z}, the neural network to be trained
on section ¢ as the function:

= [ RPY — C®(Q; —» R™)
Wi { 0 +— o0,0V(f)os; (4.27)
and the global neural as the function:
~ RP ’ - 1_[1, a,p,s,n,z Cw(Ql_)Rmz)
b (2 Jetapn) (4.28)

(0i)ictapsnzy — (%(@)) ’

Ze{a7p’s’n7z}

4.2.3. Naive data driven approach

Given the setup defined above, we will train the neural network defined in Equation (4.28)
according to the loss defined in Equation (4.23) with m = 75, such that each set Mg{:’%
with i € {a,p, s,n, z}, contains 75% of the points in Mq,, and a constant applied current
density I,, = 40 A-m~2 (¢f. Table 7). The training will be performed with 15000 steps
of the Adam algorithm, initialized with (8, 8,7) = (1072,0.9,0.999) (cf. Definition 3.10),
followed by 1000 steps of L-BFGS algorithm. We also apply a scheduling heuristic that
decays 6 to 10~ from step 500 and to 10~ from step 4000 during the Adam training. We
will also monitor the “test” loss:

LoD = S —L S DY)

Mo \M2% .
’ Z\ & (Ivt)EMszi\MSlf

2
2

(4.29)

ze{a’p787n’z}

which evaluates the generalization error (cf. Section 3.2.4) of the neural network. Results
are plotted in Figure 5.
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4. Approximation of the P2D model with PINNs

—— Train loss (L75%)
—— Test loss (La5%)

Losses (log scale)
—_
)
w
|

101 |

0 2,000 4,000 6,000 8,000 10,000 12,000 14,000 16,000

Gradient descent step

Figure 5: Train loss (L75%) and Test loss (Lo59) for the data-driven approach with a
constant applied current density I,,, = 40 A-m~2 (¢f. Table 7) and a simulation
time T, = 400s, with respect to the gradient descent steps with the Adam
algorithm up to step 15000 and L-BFGS from step 15001 to step 16000.

We see that the two losses match perfectly and lose 8 orders of magnitude during
training, indicating that the neural network learns and generalizes very well.
On the other hand, we may wonder about the values of these errors. This is
because the variables C, and C? have an orders of magnitude of 10, which is
consistent with an initial MSE of 10%. On the other hand, one may wonder if
the other variables have been properly learned.

Finally, we note the effect of scheduling, with clear inflections of the loss slope
at the 500th and at the 4000th step, and of the change from Adam to L-BFGS
at the 15000th step, with an even clearer change in the loss slope.

As observed in Figure 5, we may wonder whether all the variables have been learned
equally well. To check this, we will monitor the “test” MSEs and “train” MSEs for each
of the variables, i.e. for a given variable u € {T, C,, C*, ¢, ¢.}, the average over SD(u) of
the Mean Squared Errors of the variable u, computed with M{{Z% for train and MQL\M(TZ%
for test, for each i € {a,p,s,n,z} in which u is defined. More formally: for all u €

{T7 C@? CS*? ¢S7 ¢€}

_ 1 1
Traln MSE(U) = m Z W Z |ULS (37; t) — UPINN (SL’, t)‘27
U iespiuy 1Ma”| (2,t)eMTP%
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4. Approximation of the P2D model with PINNs

and:

1 1 2
Test MSE(u) = \SD( )‘ Z W Z lurs (@, t) — upmen (@, t)|°.
(x,t)eMQi\Mgzi%

These MSEs are plotted in Figure 6 below. As one might have feared, we see that the
difference in magnitude between the variables affects the training of the variables T, ¢,
and ¢, which are those with the smallest orders of magnitude. Note, however, that this
is only true for training with L-BFGS and not with the Adam. This can be explained by
Adam’s adaptive mechanism, which renormalizes the gradient step on each weight of the
neural network by the sliding average of the norms of successive gradients on that weight
(cf. Definition 3.10 in Section 3.2.1).

To correct this, we are going to adapt the loss by assigning a different weight to each
variable in the next section.

4.2.4. Data driven approach with weight correction

In this section we show how to compensate for the imbalance between the orders of mag-
nitude of the different variables, which affects the training in Section 4.2.3, by assigning
a different weight to each variable. Since the setting of our neural network ¥ of Equa-
tion (4.28) rescale the output by the the empirical variances calculated from LIONSIMBA,
defined in Equation (4.26), the most logical option seems to rescale the loss according to
those weights. More formally, we will rewrite the loss L7554 of Equation (4.23) as:

prssed(py .Y ,i% S S ) O, (430

i€{a,p,s,n,z} (m,t)eMg”_% j=1
3

with w? from Equation (4.26).

To evaluate more accurately the results, we will use a 4-fold cross-validation method
(cf. Goodfellow et al. 2016, Algorithm 5.1, page 123). Namely for all i € {a,p, s,n, z},
we randomly split each Mg, into a 4-partition (A§)1<j<4 where all Az» are of the same
cardinal, so that they each represent 25% of ;. Given J € {1,2,3,4}, we then set
MEP* = Ujeprosapon Ay in loss of Equation (4.30) yielding a loss £", and train the

neural network U of Equation (4.28) according to this loss, while monitoring the associated

test loss:
R GED YU WD WU R 00

ie{a,p,s,n,2} (z t)eAl j=1

to assess the generalization error (cf. Section 3.2.4) of the neural network. Results are
plotted in Figure 7 below.
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Figure 6: Train and Test MSEs of each of the variables of the model for the data-driven
approach, with respect to the gradient descent steps with the Adam algorithm
up to step 15000 and L-BFGS from step 15001 to step 16000.
We can see that the difference in scale between the variables is not a problem
for training with ADAM, but it is for training with L-BFGS.

95



4. Approximation of the P2D model with PINNs
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Figure 7: 4-fold weighted train losses ((L£5™), <y<y) and weighted test losses ((L7*), . ;<,)
for the data driven approach with weight correction, with a constant applied
current density I,,, = 40 A'm™2 (¢f. Table 7) and a simulation time Ty =
400 s, with respect to the gradient descent steps with the Adam algorithm up
to step 15000 and L-BFGS from step 15001 to step 16000.

We see that train and test losses match perfectly in all 4-folds and lose 6 orders
of magnitude during training, except for fold 2, where L-BFGS did not converge.
This indicates that the neural network learns and generalizes very well, even if
optimization failures remain possible.

We note the effect of scheduling, with clear inflections of the loss slope at the
500th and at the 4000th step, and of the change from Adam to L-BFGS at the
15000th step, with an even clearer change in the loss slope for 4-folds 1, 3 and
4.

As in the previous experiment, we will plot the MSEs variable by variable to check that
convergence does indeed take place for each of the predicted variables. We plot the graphs
for the 0-fold below and plot them for all the 4-folds in Appendix F.2 of Appendix F for
completeness.
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Figure 8: Train and Test MSEs of each of the variables of the model for the data driven
approach with weight correction, with a constant applied current density I,p, =
40 A-m~2 (cf. Table 7) on 4-fold 1, with respect to the gradient descent steps
with the Adam algorithm up to step 15000 and L-BFGS from step 15001 to step
16000.
We can see that the difference in scale between the variables is not a problem
for training with ADAM, but it is for training with L-BFGS.
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4. Approximation of the P2D model with PINNs

In contrast to the previous case, we can see that all variables have been equally learned,
which validates our correction. We can now ask what the generalization of the neural net-
work is to higher orders, i.e. whether, beyond its good interpolation capabilities, attested
by its performance on test data from LIONSIMBA, the neural network actually learns
the PDEs of the P2D model. To verify this, we will plot the following MSEs that mea-
sure the extent to which the D; operators derived from the P2D equations depicted in
Equation (4.3) of Section 4.1.1, deviate from 0: for all i € {a,p, s, n, z}, for all 1 < j <my

|512-| 3 |(Dilusrexd .0, : (4.31)

(z,t)eS;

PDE MSE(i, j) :=

where S; is an LHS sampling of ; of cardinal |S;|. The orders of magnitude of these
MSEs is not important here, what counts is the learning dynamics, that we will plot for
4-fold 1 below with for all i € {a, p, s,n, z}, |S;| = 102.
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Figure 9: MSEs for each of the PDEs of the model for the data driven approach with
weight correction, with a constant applied current density I, = 40 A-m™2 (cf.
Table 7) on 4-fold 1, with respect to the gradient descent steps with the Adam
algorithm up to step 15000 and L-BFGS from step 15001 to step 16000.
We can see that performance on each PDE is improved by between two and
four orders of magnitude, the improvement being due almost exclusively to L-
BFGS in the case of the cathode and anode, which are the most complex to
model. This shows both that the model generalizes fairly well to higher orders
and highlights the crucial role of L-BFGS.

We observe in Figure 9 that the generalization applies also to higher-orders. However,
we wonder whether this remains true if we take much less input data, for example of the
order of 1% instead of 75%. This is the subject of the next section.
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4. Approximation of the P2D model with PINNs

4.2.5. Data driven approach with boundary data

In this section, we will show that learning from the data is not viable anymore if the data
are scarce. 1o this end, we will learn only with the data coming from the two ends domain

MS%CZ and MS%CZ of each cell section 7 € {a, p, s,n, z} in LIONSIMBA, as well as from initial
time domain M . More formally, we will set for all i € {a, p, s, n, z} the operators:

. (L —->R)™ — F(h—->R)™
Bbc,dd . LS,e )
(hasam (7€ Q> Spe 6(2) (o) ~ ™))

(4.32)
and:
ghedd . LS,i
z s, (£€ Q= g 0(0) (wlo) ~ 7)) __
(4.33)
as well as the operator:
, C2(0Q; - R)™ — F (0 > R)™
Bzc,dd . LS, )
(Whesen, — (26 %= Dy () (w@) ™))
(4.34)

where we used the notation of Section 4.1.2 for all y € €;, and ¢, is the Dirac delta
distribution.

Remark 4.3. Strictly speaking, B* B'“% are not defined on the boundary of . Never-

theless, as it is the more accurate approximation that we can get of the boundary domain

with LIONSIMBA, we will neglect this aspect.

pbedd  pghedd

We then define a loss built upon and ch’dd in a similar way as for the

weight corrected loss of Equation (4.30), namely:

()= Y Y S (B @) @)

ie{a,p,s,n,2} | Q (z,)ehf =1 !

2

>3 ) (B )

(x t)eMbc Jj=1 J

Mbc

i

2

Y ) (B )

i ztEMwJ 1 J

As a result, the neural network will only learn with just over 1% of the data, which is a
situation quite similar to that faced in industrial applications, where the exact measure-
ment of variables at cell level is difficult.

We also define the test loss as:

es 1
f)Oltindary('f) = |M \M’iC7bC| Z HDdd(f> <x7 t)‘
230 (z,t)e Mo\ M

2
2

(4.36)

with DI as in Equation (4.23), that accounts for the “unseen” data, in order to evaluate
capabilities.
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Remark 4.4. This former loss has also the same weight correction, but we omit it in the
notation for the sake of simplicity.

We then train the same neural network as defined in Equation (4.28) according to the
loss defined in Equation (4.35), with a constant applied current density I,,, = 40 A-m™—2
(cf. Table 7) and Tyax = 400s. The training will be performed with 15000 steps of
the Adam algorithm, initialized with (8, 5,7v) = (107%,0.9,0.999) (cf. Definition 3.10),
followed by 1000 steps of L-BFGS algorithm. We also apply a scheduling heuristic that
decays 6 to 10~ from step 500 and to 10~ from step 4000 during the Adam training. We
plot the test and train loss in Figure 10 below.

g train
Train loss (Lhamdary)

—— Test loss (£t )

boundary

1075 |

0 2,000 4,000 6,000 §,000 10,000 12,000 14,000 16,000

Gradient descent step

Figure 10: Train loss (L{3nq,.,) and Test loss (L1, 4..y) for the data driven approach
with boundary data, with a constant applied current density I,,, = 40 A-m~2
(cf. Table 7) and Tiax = 400, with respect to the gradient descent steps with
the Adam algorithm up to step 15000 and L-BFGS from step 15001 to step
16000.
We see that, while train loss lose 7 orders of magnitude during training, the
test loss remains essentially constant and get even worse during the L-BFGS
phase, which means that the neural network does not generalize well, or even

does not generalize at all.

As observed in Figure 10, we see that the neural network doe not generalize in this
case. We will also investigate the variable by variable MSEs in Figure 11.
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Figure 11: Train and Test MSEs of each of the variables of the model for the data driven
approach with boundary data, with a constant applied current density I,,, =
40 A-m~2 (cf. Table 7) and Tyay = 400, with respect to the gradient descent
steps with the Adam algorithm up to step 15000 and L-BFGS from step 15001

to step 16000.

We can see that lack of generalization observed in Figure 10 is a phenomenon
that affects all variables equally.
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These results argue in favor of a different approach that would enable to generalize
further. In the following section, we show that the use of PINNs method successfully
addresses this problem.

4.3. Approximation of the P2D model in intermediate and long
timescale

This section presents the first important contribution of our work. We show that with
a fraction of the data from LIONSIMBA, the neural network defined in Equation (4.28)
learns the equations of the P2D model with high accuracy for a time domain of the
order of a hundred seconds. We begin by briefly introducing the losses used, carefully
explaining the choice of recalibration weights, before detailing the results obtained for
different choices of the applied current density function I,,, (¢f. Table 7). Finally, we will
show how to generalize these results to longer simulation times.

4.3.1. Loss defintion

First of all, we will take the same boundary condition as the one used in Section 4.2.5,
namely: for all i € {a,p, s,n, z} the operators:

: (%~ R)™ — F(—R)™
Redd LS,i
! (Uj>1<jsmi — <I €l — ZyeMgfi 5y(m) (uj(:c) U (y)>)1< . ’

and:

be,dd
B/

(L ->R)™ — F(Q->R)™
(Uj)léjémi — <[L’ € Qz —> ZyEM}’i (5y($) (Uj(l') — ,U]T'-ls,z(y)>)1<. | )

as well as the operator:

ic,dd |
Biedd

C2 (00 — R)™ — F (30 — R)™
(uj)1<jam; (:c € — ZyeMéci by () (w (z) — UJLS’Z(?J)»K ’

<jsmy
For the operator D, we will take the one defined in Equation (4.5) of Section 4.2.5.
However, to define a loss, we will pay particular attention in choosing a weighting
mechanism. Indeed, Rahaman et al. (2019) have shown that neural networks are subject
to the phenomenon of “spectral bias”. In a nutshell, given the Fourier series decomposition
of a function f to be approximated, Rahaman et al. (2019) show that a neural network
trained by gradient descent will tend to concentrate on learning the low frequencies of f
(i.e. its first Fourier coefficients), which can result in a significant loss of information if f
also carries information in its higher frequencies (i.e. if f admits Fourier coefficients of non-
negligible values for higher frequencies). Wang et al. (2022c) have shown that this is even
more the case when we train our neural network with PINNs methods. To prove this, they
derived, thanks to the Neural Tangent Kernel (NTK) introduced by Jacot et al. (2018), an
explicit training dynamics in the asymptotic limit where layers are of infinite size. They
also propose a methof of correcting this bias by explicitly calculating the NTK, but this
is far too costly in computation time for our problem. McClenny and Braga-Neto (2022)
have introduced another mechanism that corrects this bias, by applying trainable weights

65



4. Approximation of the P2D model with PINNs

on each sampled point of the domain and updating them according to an adversarial
mechanism somewhat similar to the one introduced by Goodfellow et al. (2014). In the
following, we will show how to slightly adapt this mechanism, which will enable us to
obtain our results. Let us start by formally introduce the self-adaptive mechanism of
McClenny and Braga-Neto (2022).

Self-adaptive mechanism: Let be mp € Ny and (yx)1<k<m, € 272 where (Yx)i1<k<mp
is typically an LHS outcome with mp samples. Let then be v € R™?, and a self-adaptive
activation o € C! (R — [0, +00)). We can then define the self-adaptive loss:

LA () = =S o) [DU) w2 (437

mp 5

The idea of McClenny and Braga-Neto (2022) is then, given v € R™?, to combine the
usual training of £54(v) o ¥ by gradient descent (cf. Section 3.2.1), where W is defined in
Equation (4.28), with a second training mechanism that, given § € R”| trains the weights
v to maximize £5() (@(9)) More precisely, given § € RY, we apply a gradient descent
step to the loss:
o { R™>  — [0, +0) )
o o —LNw) (xp(@))

We thus obtain a process in which two sequences (Vp)nen, and (6,)nen, are iteratively
defined, given n € N, by the successive application of the gradient descent to the classical

loss: ~ RP s [0, 40)
LR R RN NN (#0)) °

yielding O,s1, followed by a second gradient descent applied to the loss:

, [ R — [0, +0)
a :{ o —£:A(u) (¥(60r))

yielding v, 1. The only remaining element to be defined is the choice of 1, weights at
initialization. This is usually done randomly, with a distribution chosen according to a.
A typical choice is @ = sigmoid (cf. Table 16) with an uniform distribution in [0, 1].

We will now adapt this mechanism, by combining it with a weight correction as in-
troduced in Section 4.2.4. In this case, we cannot rely anymore on weights computed
from LIONSIMBA, since LIONSIMBA does not give information about the orders of
magnitude of the operator D, which is different from the one it uses. We then chose to
apply the following heuristic which proves to work in practice. Given m € Ny, we sample
for all i € {a, p,s,n, z}, m points (2}), <, in Q; with a LHS procedure. Then given the
initialization 6, € RY of the neural network, we set the weights: for all i € {a,p, s, n, 2},

forall 1 <j<my
i 1< = i)
WP = E; <D (\1/(90)) (zk)>j. (4.38)

with for all ¢ € {a,p,s,n,z}, m; being the number of equations in section i (cf. Sec-
tion 4.1.1).
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Now, given a number of samples mp € N, LHS sampled points (y}) e (Q,)mp,

1<k<mp
a self-adaptive activation o € C! (R — [0, +90)), and weights:

mp

((V;Zi,]) ) [ 11 mm

i€{a,p,s,n,z} ie{a,p,s,n,2}

with for all i € {a,p,s,n,z}, m; being again the number of equations in section i (cf.
Section 4.1.1), we define the self-adaptive loss with weight correction for D as:

= Y —22 () («2) T (D). (439

m
i€{a,p,s,n,z} D = 1j

where we omitted the dependence to v weights for the sake of simplicity, and typicall used
m = - to compute the weights ((wf”) ) defined in Equation (4.38)
AL i€{a,p,s,n,z}

above. We will also extend the self-adaptive mechanism to operators ch’dd, Bl-bc’dd and

ch’dd defined above. To this end, we are giving ourselves the following additional self-
adaptive weights:

Mbc “rbe
Q; | M|
L <I/k ) . € Hie{a,p,s,n,z} R o
1<k<|ME|
1

ie{a,p,s,n,z}

MS%C |Mb6‘
i Q.
) <Vk ) < Hie{a,p,s,n,z} R™a,
1<k<|ME|
1

Ze{a/7p7s7n7z}

Msi]c_ |Mu‘ ‘
2 Q.
® <Vk: ) ] € Hie{a,p,s,n,z} R L
1<k<|ME |
3

ZE{Q,p,S,n,Z}

We can then finally define our final loss:
LENOEDY ( 3 Yla (1) () (D) (4.40)

ie{a,p,s,n,z} Dk 1j=1
Mb(' o N 2
P Sia (w™) )™ (B )e0)’

|be. e j

|Mbc 3 Mo ( ) w) (B )
Q2 zteMbCJI

|Mw I ( ) (wy) ™ (ch’dd(f)(w,t))j
ixteM”“CJl

Now that our loss is defined, we will take a closer look at the results obtained with it
in the next section.
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4.3.2. Results of the approximation in intermediate timescale

In this section we show that the results obtained when training a neural network with
PINNs on the PDEs of the P2D model with initial conditions and boundary conditions
data coming from LIONSIMBA are very accurate. As noted in Section 4.2.5, initial
conditions and boundary conditions data represents just over one percent of the available
data in LIONSIMBA, which is very little for a typical deep learning problem, which shows
the interest of the method. More precisely, as we established in Section 4.3.1, we will train
the neural network defined in Equation (4.28) with the loss defined in Equation (4.40).

We will first evaluate our results by plotting the training loss as in Figure 5 with a
second plot showing the contribution made by each component of the loss, namely the
PDEs (operator D), each boundary condition (operators ch’dd and ch’dd), and initial
conditions (operators B:“‘). We will then plot the MSEs of the different variables as
in Figure 6, and the PDEs MSEs as in Figure 9. Finally we will compare the heatmaps
of the approximations derived from our model and those derived from LIONSIMBA, and
plot the heatmaps of the absolute and relative differences as in ?77.

We will review the results obtained for Ti,.x = 400s with I,,, = 40 A-m~? (cf Ta-
ble 7). For the sake of completeness, we also plot in Appendix F.3 results for dif-
ferent values of constant applied current densities'® I,,, (c¢f. Table 7), namely I,,, €
{—=40A-m~2 —20 A-m2 20 A-m 2,40 A-m~2}, yielding similar results. The training will
be performed with 15000 steps of the Adam algorithm, initialized with (4, 3,~) = (1072,0.9,0.999)
(cf. Definition 3.10), followed by 1000 steps of L-BFGS algorithm. We also apply a schedul-
ing heuristic that decays d to 10~* from step 2000 and to 10~° from step 10000 during
the Adam training.

18which is the most frequent use case when charging batteries
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Train loss £33, for the PINN approach with boundary conditions data from
LIONSIMBA and self-adaptive mechanism, with a constant applied current
density L, = 40A'-m™2 (¢f. Table 7) and a simulation time Ty, = 400s,
with respect to the gradient descent steps with the Adam algorithm up to step
15000 and L-BFGS from step 15001 to step 16000.

We see that the learning process succeeded, the loss losing 5 orders of mag-
nitude during training, indicating that the neural network did learn both the
boundary conditions data, and the losses from the P2D model PDEs.

We also find that each loss component contributes exactly the same orders of
magnitude to the total loss, meaning that each component has been learned
equally.

Finally, we note the effect of scheduling, with clear inflections of the loss slope
at the 2000th and at the 10000th step, and of the change from Adam to L-
BFGS at the 15000th step, with an even clearer change in the loss slope.
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Figure 13: MSEs of each of the variables of the model for the PINN approach with bound-
ary conditions data from LIONSIMBA and self-adaptive mechanism, with a
constant applied current density I,,, = 40 A-m~? (¢f. Table 7) and a simula-
tion time T, = 400s, with respect to the gradient descent steps with the
Adam algorithm up to step 15000 and L-BFGS from step 15001 to step 16000.
We observe that all variables are equally learned by the neural networks, each
MSE losing 6 orders of magnitude during the training process, which means
that the neural network generalizes very well thanks to the equations enforced
in the loss through operator D. 70
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Figure 14: MSEs for each of the PDEs of the model for the PINN approach with boundary
conditions data from LIONSIMBA and self-adaptive mechanism, with a con-
stant applied current density I,,, = 40 A-m™? (¢f. Table 7) and a simulation
time Tp,.x = 4008, with respect to the gradient descent steps with the Adam
algorithm up to step 15000 and L-BFGS from step 15001 to step 16000.

On the one hand, we observe that each equation is equally well learned, each
MSE losing between 6 and 7 orders of magnitude during the training process,
and on the other hand, that the learning of equations is also very well gener-
alized over the whole domain, which is very satisfactorily, since it means that
the physics of the problem has been very well learned by the neural network.

Finally we plot the heatmaps of the approximations derived from our model and those
derived from LIONSIMBA, as well as the heatmaps of the absolute and relative differences
for all variables in section n. For the sake of completeness, we also plot in Appendix F.3
these heatmaps in all sections. We cannot represent them for other values of I,,,, because
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that would add almost 50 pages to this work.
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Figure 15: Heatmaps of the lithium ions concentration in the solid-phase in anode for the
PINN approach with boundary conditions data from LIONSIMBA and self-
adaptive mechanism, with a constant applied current density I,,, = 40 A-m ™2
(¢f. Table 7) and a simulation time T, = 400s, evaluated after the final
step of the gradient descent with 15000 Adam steps, followed by 1000 L-BFGS
steps.

We see that the solution is very well approximated, achieving an error relative
to LIONSIMBA of less than 0.0005%.
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Figure 16: Heatmaps of the lithium ions concentration in the solid-phase in anode for the
PINN approach with boundary conditions data from LIONSIMBA and self-
adaptive mechanism, with a constant applied current density I,p, = 40 A-m™2
(cf. Table 7) and a simulation time Ty, = 400s, evaluated after the final
step of the gradient descent with 15000 Adam steps, followed by 1000 L-BFGS
steps.

We see that the solution is very well approximated, achieving an error relative
to LIONSIMBA of less than 0.5%.
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Figure 17: Heatmaps of the lithium ions concentration in the solid-phase in anode for the
PINN approach with boundary conditions data from LIONSIMBA and self-
adaptive mechanism, with a constant applied current density I,,, = 40 A-m ™2
(¢f. Table 7) and a simulation time Tj,., = 400s, evaluated after the final
step of the gradient descent with 15000 Adam steps, followed by 1000 L-BFGS
steps.

We see that the solution is very well approximated, achieving an error relative
to LIONSIMBA of less than 0.2%.
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Figure 18: Heatmaps of the lithium ions concentration in the solid-phase in anode for the

PINN approach with boundary conditions data from LIONSIMBA and self-
adaptive mechanism, with a constant applied current density I,,, = 40 A-m™2
(¢f. Table 7) and a simulation time T, = 400s, evaluated after the final
step of the gradient descent with 15000 Adam steps, followed by 1000 L-BFGS
steps.

Here we see that the relative error with respect to LIONSIMBA seems very
high, reaching almost 10*%. This is explained by the fact that ¢, is exactly
equal to 0 on the end x,, of the anode (here depicted in the lower part of the
graph), as this is a boundary condition of the P2D model (cf. Equation (2.8¢)).
If, on the other hand, we focus on the absolute error, and compare it with the
orders of magnitude of ¢, on the anode depicted in Figure 54b, we find that
the effective relative error, outside a neighborhood close to {x,}[0, Tiax], is
rather of the order of 1%.
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Figure 19: Heatmaps of the lithium ions concentration in the solid-phase in anode for the
PINN approach with boundary conditions data from LIONSIMBA and self-
adaptive mechanism, with a constant applied current density I,,, = 40 A-m ™2
(¢f. Table 7) and a simulation time T, = 400s, evaluated after the final
step of the gradient descent with 15000 Adam steps, followed by 1000 L-BFGS
steps.

We see that the solution is very well approximated, achieving an error relative
to LIONSIMBA of less than 0.03%.

4.3.3. Extension of the results to the approximation in long timescale

Due to the limited approximation power of a neural network with finite widths, we cannot
directly scale our method to timescales greater than a few hundreds of seconds, 400
seeming to be the empirical limit. Of course, we could take neural networks with larger
widths and depth, but this results in a more complex neural network, that is harder to
train, which makes it not a viable option. We then chose to extend the intermediate
timescale results obtained in Section 4.3.2, by the use of the eXtended PINN (XPINN)
technique introduced by Jagtap and Karniadakis (2021). Namely, given the domain 2
in which we want to approximate the solution of a PDE with a neural network, Jagtap
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and Karniadakis (2021) suggest to partition €2 in pairwise disjoint subdomains (£2;),., and
then to solve the problem separately in each €2;. Of course this is not possible for every €;,
since there is a certain dependency between them. Nevertheless Jagtap and Karniadakis
(2021) suggest to begin by approximating the problem’s solution on subdomains ; that
contain initial conditions and boundary conditions domain, and then to use those results
to approximate the solution of the problem on remaining subdomains €2; by enforcing
continuity of the function, or even of derivatives and higher order derivatives.

In our case, we will apply this procedure by simply partitioning the P2D domain €2
along its time axis. More formally, given Q = [zq, x,] X [0, Tyax], we will partition € into
([Xo, 2] x [Ti-1,Ti]);<;<p, With k€ Ny, Ty = 0 and for all 1 <4 < k, T; € [0, +00) such
that T; — T;_1 be of the order of 100s. We illustrate this procedure for T,,.x = 1200s,
with 77 = 400s, To = 800s and T3 = Ty.x = 1200s with an applied current density
Lpp = —40A-m™2. The training procedure is chosen exactly as in Section 4.3.2. The
results are presented in Figures 20 to 25 below.

We observe that the results obtained show the same accuracy rate as the results in
Section 4.3.2, which validates this method for extension to longer time scales.
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Figure 20: Train loss £33, for the XPINN approach between times 0s and 400s, with
boundary conditions data from LIONSIMBA and self-adaptive mechanism,
with a constant applied current density I,,, = —40 A-m~2 (¢f. Table 7), with
respect to the gradient descent steps with the Adam algorithm up to step 15000
and L-BFGS from step 15001 to step 16000.
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4. Approximation of the P2D model with PINNs
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Train loss £33 for the XPINN approach between times 400s and 800, with
boundary conditions data from LIONSIMBA and self-adaptive mechanism,
with a constant applied current density I,,, = —40 A-m~2 (¢f. Table 7), with
respect to the gradient descent steps with the Adam algorithm up to step 15000
and L-BFGS from step 15001 to step 16000.
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Train loss L35y, for the XPINN approach between times 800s and 12005, with
boundary conditions data from LIONSIMBA and self-adaptive mechanism,
with a constant applied current density I,,, = —40 A-m~2 (¢f. Table 7), with
respect to the gradient descent steps with the Adam algorithm up to step 15000
and L-BFGS from step 15001 to step 16000.
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Figure 23: MSEs of each of the variables of the model for the XPINN approach between
times 0s and 400 s, with boundary conditions data from LIONSIMBA and self-
adaptive mechanism, with a constant applied current density I,,, = —40 A-m ™2
(c¢f. Table 7), with respect to the gradient descent steps with the Adam algo-
rithm up to step 15000 and L-BFGS from step 15001 to step 16000.
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Figure 24: MSEs of each of the variables of the model for the XPINN approach be-
tween times 400s and 800s, with boundary conditions data from LION-
SIMBA and self-adaptive mechanism, with a constant applied current density
Lpp = —40 A-m~2 (c¢f. Table 7), with respect to the gradient descent steps with
the Adam algorithm up to step 15000 and L-BFGS from step 15001 to step
16000.
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Figure 25: MSEs of each of the variables of the model for the XPINN approach be-
tween times 800s and 1200s, with boundary conditions data from LION-
SIMBA and self-adaptive mechanism, with a constant applied current density
Lipp = —40 A-m~2 (c¢f. Table 7), with respect to the gradient descent steps with
the Adam algorithm up to step 15000 and L-BFGS from step 15001 to step

16000.

83



4. Approximation of the P2D model with PINNs

4.4. Review of the approximation of the full P2D model in short
timescale

In this section, we will analyze the results obtained by applying a PINNs method to
the entire P2D model, i.e. with the D operator from the equations, as well as the B
operator from the boundary conditions as defined in Equation (4.5) and Equation (4.8)
of Section 4.1.1, respectively, keeping as data only the initial conditions represented by
the ch’dd operators, for all 7 € {a, p, s,n, z}, defined in Equation (4.6) of Section 4.2.5.

We will train the neural network defined in Equation (4.28) with a self-adaptive mech-
anism as in experiments of Section 4.3, yielding a loss built in exactly the same way as
the one defined in Equation (4.40), up to replacement of operators B'“® and B’ by
operator B described above.

We will evaluate our results by plotting the training loss as in Figure 39 with a second
plot showing the contribution made by each component of the loss, namely the PDEs
(operator D), the boundary conditions (operator B), and initial conditions (operators
B,fc’dd). We will then plot the MSEs of the different variables as in Figure 40, and the
PDEs MSEs as in Figure 14.

We will review the results obtained for T = 1s with I,,, = 40 A-m™2 (¢f. Table 7).
The training will be performed with 15000 steps of the Adam algorithm, initialized with
(6, 8,7) = (1073,0.9,0.999) (cf. Definition 3.10), followed by 1000 steps of L-BFGS algo-
rithm. We also apply a scheduling heuristic consisting in decaying § to 10~* from step
2000 and to 10 from step 10000 during the Adam training.

As shown in Figure 26, the learning seems to have been successful. Nevertheless, we
see in Figure 27 below that the results are highly contrasted, since the MSEs are accurate
for Ce, ¢. and C7 only, with T" and ¢, not learned at all. Given the very short timescale
over which the model is being evaluated, this would seem to show that the PINN method
applied as such to the P2D model, without any data on which to base it, is not viable as
such, and requires adaptation of either the method or the model under consideration.
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Train loss £33, for the PINN approach with boundary conditions learned from
the P2D model equations and self-adaptive mechanism, with a constant ap-
plied current density I,,, = 40A-m~2 (¢f. Table 7) and a simulation time
Tmax = 400s, with respect to the gradient descent steps with the Adam algo-
rithm up to step 15000 and L-BFGS from step 15001 to step 16000.

We see that the learning process succeeded, the loss losing 5 orders of magni-
tude during training, indicating that the neural network did learn both the
boundary conditions data, and the losses from the P2D model PDEs and
boundary conditions.

We also find that each loss component contributes exactly the same orders of
magnitude to the total loss, meaning that each component has been learned
equally.

Finally, we note the effect of scheduling, with clear inflections of the loss slope
at the 2000th and at the 10000th step, and of the change from Adam to L-
BFGS at the 15000th step, with an even clearer change in the loss slope.
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Figure 27: MSEs of each of the variables of the model for the PINN approach with bound-

ary conditions learned from the P2D model equations and self-adaptive mecha-
nism, with Z,,, = 40 A-m~2 (¢f. Table 7) and Tyax = 4008, with respect to the
gradient descent steps with the Adam algorithm up to step 15000 and L-BFGS
from step 15001 to step 16000.
We observe that C} is accurately learned by the neural networks, its MSE los-
ing 4 orders of magnitude during the training process, while ¢, is learned up
to 2 orders of magnitude and C, up to one orders of magnitude. On the other
hand, we observe that the learning of T" and ¢, completely fails.
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5. Conclusion and perspectives

Our work has shown that using PINNs to solve the P2D problem is a valid choice and
opens up a very promising avenue, in that it allows very accurate results to be obtained,
with a minimal fraction of data, as seen in Sections 4.3.2 and 4.3.3.

However, we have also shown that an approach based entirely based on PINNs with
no data to fall back on is not functional as such, as shownin Section 4.4. More research
is then needed in order to find other methods, or to find a reformulation of the initial
problem that can overcome this difficulty.

We also believe that further theoretical work on PINNs is needed to understand their
learning dynamics and to be able to provide explicit convergence conditions and rates,
to complement existing results on explicit error estimates (e.g. ¢f. De Ryck et al. 2023;
Mishra and Molinaro 2020; De Ryck and Mishra 2021; Shin et al. 2020). We hope that
the theoretical framework, formulated in the language of functional analysis, in which we
have set out to present this work, will provide a fertile basis for future theoretical work,
notably by exploiting and amplifying the tools associated with the Neural Tangent Kernel
introduced by Jacot et al. (2018).

Finally, we are firmly convinced that an important path is the use of PINNs in industrial
applications, which in itself raises important research questions, since we need to succeed
in incorporating the data produced in real time into the learning process, without causing
computational costs to explode.

On a more personal note, [ am really looking forward to exploring some of these avenues
of research in my doctoral work, which starts right now.
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A. Summary of the equations

A. Summary of the equations

Current collectors i€ {a,z} Boundary conditions
5 (23b) - )‘ﬂatT(zv t) = h[Tref - T(CE, t)]
piCpidiT(@,t) = Xid,aT(a, 1) + 2220 (2.30) ¥=
1 (23C) - )‘ZatT(zv t) = h[T($7 t) - Tref]
Electrodes i€ {p,n} o
(2.4b) — Xa 02T (z,1) = —Xp0zT(z,t)
—— ot
picp,iatT(fE, t) = )\ial2T(m’ t) + Qohm,i + ern,i + Qrev,i (243) = T a
(2.4¢c) — A 0xT(z,t) = —X;0.T(x,t)
=z, z:z:{
€i0tCe (@, 1) = 0 [Defr,;02Ce(x,1)] + a; (1 — t4)j; (2.6a) (2.6b) 02Ce(z,t) =0
(2.8b) 0z ¢e(x, t)‘ =0
@i Fji(@,t) = 0 (ke [ TT(2,0) 2450 — 0260 (2,1)]) (2:80) e
(2.8¢) pe(z,t) =0
BiCH (2,1) = —3 gl — Fpt 20 Detra 2 Jemadt (3 1)
Pt (Dgff,i,)
(2'13]3) Ucﬁ,ia$¢s(z:t) =0
z=x,
a;Fji(x,t) = oemr,i0,2¢s(x,t) (2.13a) P
(2.13¢) Goft 10 ds (2, 1) = —Lapp(t)
’ ac:a:(f,ac;
Separator
(2.5b) — A\p0T'(x,t) = —As0:T(z, )
pscp,satT(x»t) = )‘zazzT(x’ t) + Qohm,s (253‘) T T
(2.5¢) — As0,T (1) = —An0zT(z,t)
r=xg z:z;r
(2.7b) — Deff’paxCe(:c,t) = —Deﬁ,saxce(l‘, t)‘ .
Esatce(x:t) =0z [Deﬂ,sazce(x: t)] (2.7&) T o
(27C) _Deﬂ",sazce(:r:t) = _Deff,nachi(zvt)
(2.9b) — Kegt,pOxde(x, ) = —Keff,s Oz Pe (2, t)‘
02 Cle(, =z =z
0= 0, (neﬁ,s [’I‘T(m,t)ﬁ - 8z¢5(x,t)]> (2.92) g P
(2'9C) - ”eﬂ,saz¢e(xvt) = 7”eﬁ,naz¢e(m:t) N

Table 14: Main equations of the P2D model (adapted from Torchio et al. 2016)

Tonix flux i € {p,n}
ji = leﬁ\/ce(x, t) (c;?iax = Cs(@,t,7)|, _ ) Cs(x,t,7)|,_p— sinh (%m) (2.14)
p,i p,i
Surface overpotential i€ {p,n}
ni = ¢s(x,t) — ge(x,t) — Us (2.15)
Open Circuit Potential i € {p,n}
Ui = Upet,i + (T(x,t) — Tref)aTUﬂTwf (2.16)
Entropy Change
_ 041995210397049283738229p+1.364550689000003912)70.611544893999999892
01 Upl T, = —0.001 (1—56614798869999979,,+11.476361919§—9482431213599998934— 3.046755063673 (2.17)
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0.005269056 + 3.2992657096,, — 91.7932579862 + 1004.91100803 — 5812.2781270%
+ 19329.754905 — 37147.894768 + 38379.1812707 — 16515.0530805

= 0.001 2.1
OrUnl e = 0.00 1 — 48.092872276,, + 1017.23480462 — 10481.8041963 + 59431.362 (2.18)
— 195881.648805 + 374577315208 — 385821.1607607 + 165705.859763
* (g
0; = Cé,n(jzf) i € {p,n} (2.21)
Open circuit reference potential
Uy - G e
- . p~ ' P . p~ ' P Pp
Un,rer = 0.7222 + 0.13870,, + 0.02965°> — %0172 4 00009 4 0.2808¢0-97150n — 0.79840-44650n ~0.4108 (2.20)
Heat source terms (electrodes) i€ {p,n}
2 2 | 2regr,i RT(2,t)
Qohm,i = Oeff,i (axd)% ((E,t)) + Reff,i (6w¢e(m,t)) + #(1 - t+)a$ In CE(I’ t)8x¢>e(:r, t) (226)
Qrxn,i = Fa;j(z,t)n;(x,t) (2.28)
Qrcv,i = F[lij(iﬂ, t)T(a:,t)aTUi|Tref (229)
Heat source terms (separator)
2o, s RT (@,
Qotn,s = et (Or e (2,6)) + 2D (1 £)0; In Ce @, )0s e (@, ) (2:27)
Effective coefficients
—4.43— 54 _ -3
Degri = 6‘;ruggi % 104 x 10 4.43 T(w,t)—229—5x10—3C¢ (z,t) 0:22x107"Ce (x,t) ie{p,s,n} (2.22)
R i = € 88 x 107 x Ce(x,t) (—10.5 + 0.668 x 1073 Ce (x,t) + 0.494 x 10~ 6Ce(z, )2+
T(z,t)(0.074 — 1.78 x 1075Ce(z, t) — 8.86 x 107 10C, (x, t)?)+ ie{p,s,n} (2.24)
T(,£)%(—6.96 x 1075 + 2.8 x 1078C(x, 1))’
B2y 1 1
kot = kie T (TW)’@) i€ {p,n} (2.25)
5D

s s %(ﬁ_%) ; <

o, = Die T °5t) Tret i€ {p,n} (2.23)
ootti = 0i(l —ei —€pq) i€ {p,n} (2:2)
Other coeflicients

2(1—t, )R

T=="F (2.1)

Table 15: Secondary variables of the P2D model (adapted from Han et al. 2021)
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B. Most common activation functions

Name

Given as a function of z € R by

Plot

linear x 77
Heaviside / step function L(0,00) ()

logistic function / sigmoid H% f
rectified linear unit (ReLU) max{0, 2}

power rectified linear unit

max{0,z}* for ke N

parametric ReLU (PReLU)

max{ax,z} fora>=0,a#1

|
\

exponential linear unit (ELU)

z - Lg,0) () + (€7 = 1) - L_eo 0y ()

|

softsign

THe]

inverse square root linear unit

x - Ljo,0) () + \/ﬁ “L_ep,0)(x) fora>0

inverse square root unit \/ﬁ fora >0 jﬁ

tanh e —e —
e _

arctan arctan(z) jﬁ

SoftPlus!? In(1 + €*)

Gaussian e~ /2 /

Table 16: List of commonly used activation functions (taken from Berner et al. 2021).

19SoftPlus is a smooth approximation of the ReLu, as well as a primitive function of the sigmoid.
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C. Illustration of the different differentiation methods

l1:$

o -1 F(x) = 128¢(1—x)(—8+16z)(1—2z)2(1—

82 + 822) + 64(1 — z)(1 — 27)%(1 — 8z +
822)2 — 64x(1 — 2x)%(1 — 8z + 822)% —
2562 (1 — z)(1 — 22)(1 — 8z + 822)2

lCoding

Manual

flx) =14 = 64a(1 — z)(1 — 22)%(1 — 8z +
Differentiation

8$2)2

2 (x):
f(x): return 128*x*(1 - x)*(-8 +
v=x 16%*x)
fori=1to3 *((1 - 2%x)"2)*(1 - 8*x +
v =4*xvx(1 - v) 8*x*x)
return v +64%(1 - x)*((1 -
- » 2xx) "2) % ((1 - 8*x + 8*x*x)"2)
or, in closed-form, 'Symb<')hc' - (64xx*x(1 - 2%x) "2)*(1 - 8*x
Differentiation + 8%x%x) "2 - 256%x* (1 - x)*(1
£(x) : of the closed-form _okx) % (1 - 8%x + 8¥xkx) "2
return 64*x* (1-x)* ((1-2%x) ~2)
* (1-8*x+8*x*x) "2 £ (x0) = f(20)
Exact
Automatic Numerical
wDifferentiation Differentiation
£2(x):
(v,dv) = (x,1) £ (%)
fori=1to3 h = 0.000001
4xd (81’01:1) )= o return (f(x +h) - £(x)) /h
v-8*vkdv
return (v,dv)
£7(x0) ~ f'(z0)
£ (xe) = f'(a0) Approximate
? (%o J (To
Exact

Figure 28: Illustration of the different differentiation methods on the example of a trun-
cated logistic map (upper left) taken from Baydin et al. (2018).
Symbolic differentiation (center right) gives exact results but requires closed-
form input and suffers from expression swell; numerical differentiation (lower
right) has problems of accuracy due to round-off and truncation errors; au-
tomatic differentiation (lower left) for its part is as accurate as symbolic dif-
ferentiation while being applicable to algorithmically computed functions (in
particular making use of branching and looping operations).
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D. Introduction to the Neural Tangent Kernel (NTK)

This section presents part of the work developed in Jacot et al. (2018).

D.1. Neural Tangent Kernel

Let be ¥ : R — F(Rle — Rl4) a neural network architecture as in Definition 3.2. We
then define the NTK:

Definition D.1 (Neural Tangent Kernel (NTK)). Let be 6 € RY. Then the Neural
Tangent Kernel (NTK) of ¥ at point 6 is the function:

lo o __, 12
Kg:{R <K R (D.1)

(2,y) > X, 6Y(0)(2) ® 6,V (0)(y)

D.2. Training of an MLP with respect to the NTK

Let us recall the definition of the theoretical gradient flow:

Definition D.2 (Theoretical gradient flow of an MLP). Let fix 6, € R, and a Loss
L : F — R. An MLP follows the theoretical gradient flow if the function # € C* (R — RP )
follows the ODE:

000) =6,
Lo.(t) = —dLlwee) (P 0), Y1<p< P, vte (0,+0)

dt

Jacot et al. (2018) claim that this gradient flow is equivalent to the following flow,
defined thanks to the NTK:

Definition D.3 (Theoretical neural tangent kernel flow of an MLP). Let fix 6, € RY a
Banach space B, and a Loss £ : B — R. An MLP follows the theoretical neural tangent
kernel flow if the function 6 : R — R follows the ODE:

{wm = 0 (D.2)
V(0) =-Vg,Llvo |

where VK6£|\I/(9) =Y € R — (d£|\p(9)(Kg(-, y).,i))

1<i<ly

In the following, we will show that this equivalence happens only under some assump-
tions. Namely, we will prove the following proposition:

Proposition D.1. Let be 6 € C* (R — RF) and let us fiz 6y € R” and a Loss L : B — R.
Then:

o if O follows the theoretical gradient flow of Equation (3.3), then 0 also follows the
theoretical neural tangent kernel flow of Equation (D.2).

o Conversely, if 0 follows the theoretical neural tangent kernel flow of Equation (D.2)
and if for all t € [0, +0), (0,¥(0(1))),<,<p remains of rank P as a vector family in
B, then 6 also follows the theoretical gradient flow of Equation (3.3).
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Proof. First rewrite the LHS of Equation (D.2): 6,¥(0) = 3.7 0,¥(9)<
Let us now rewrite the definition of Vg, L|y9)

V1<i< d£|\Ij 9)(K9( d£|\y(9 <Z \11(9)(1/‘))

_th 21, >aw><m)

p=1

dﬁ\\p(glinear Z dﬁ‘\p (aqu<9><>) .
This gives for the RHS of Equation (D.2):
P
~Vi,Lluy = D, Y (0) (—dLlw) (3,9(6)))

yielding
Z ( 0, + dL|w () (0, xp(@))) 0. (D.3)

This shows that if € is a solutions to Equation (3.3), then 6 is also a solution to Equa-
tion (D.2). Conversely, if for all ¢ € [0, +0), (0,¥(0(1))) remains of rank P as a

1<p<P
vector family, we have: for all ¢ € [0, +0)

w100 ({000 a€luo (G300 ) =0

implies that: forall 1 <p < P

%91’(” +dLwoq) (¥(0(1))) =0,

which means that 6 is also a solution to Equation (D.2). O

One may wonder for which 6 € R” is the family of vectors (6,%(6))1<,<p not of rank
P. This is a difficult problem, a priori depending on the underlying architecture, but
this phenomenon can happen. Indeed, if we imagine an architecture whose widths are of
the form (a, 1,1,b) with a,b € Ny, then and if we set to zero the weight and bias between
layers 1 and 2 of size 1, and denote i and j their coordinates in parameter § € R”, then
¥ will be a constant function with respect to the other coordinates of parameter 6, and
so in particular for all 1 < p < P such that p # ¢ and p # j, we will have ¢, = 0 and so
in particular the family (J,¥(6(t))),,<p Will not be of rank P. Note, however that if we

assume that there exists a neighborhood V' of § in R” such that ¥(V) is a submanifold,
the former example corresponds exactly to the fact that the submanifold W (V') is also of
lower dimension at the point ¥(f). In fact, we can even see that (d,¥(0(1))), ,<p is a
generating family of the tangent space of W(V') at the point # and thus W(V') is exactly
of dimension given by the rank of (,¥(6(t))),.,<p- With this observation in mind, we
propose to reinterpret the NTK in the next section.
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D.3. Connection with Riemmanian metrics of (pseudo-)manifolds

Let be p a finite measure on R°, ¥ € C* (R — Li(RlO — R')) a neural network archi-
tecture as in Definition 3.2, with LZ(]RZO — ) being the space of y integrable functions,

and 6 € R”. As in the former section, let suppose that there exist a neighborhood V of
in R” such that ¥(V) is a submanifold. Then the tensor:

V x L2(RP - R“)? — R
0, f,9) — Spio Spio f(@)T Ko(2,y)g(y) pu(d) u(dy)

is a Riemmanian-metric on the tangent bundle of ¥(V'), where Kj is the NTK defined in
Appendix D.1.

Tors : { (D.4)

Proof. The regularity of TyTk with respect to variables # comes from the regularity of W.
Symmetry in variables f and g is clear. To check positivity, let bet f € Li(RlO — Rld),
Then: for all § € R

Tk 6, 1, /) = fRzo leO ) 0,0 (0)(x) ® 0,9(0)(y) f () u(dz) pu(dy)
JRZO Lyo Z<f )0p W (0)(2))gia{F () 10p ¥ (0) (y) gy p(dx) pu(dy)

2 j | @A e O D WO @) n(dr) ()

Rlo

- Z ( )66 )(fv)>deu(dx)>2 >0 05)

Finally to check that this tensor is definite on (V') bundle, from Equation (D.5), we get
that: for all € R” and for all f € L2(Rl — R")

Ti(0,1.1) =0 = X ([ G@Iau@@pnian) -0

p=1

= VL<p< P | (J@)0U6)(@))gnlde) = 0

Rlo

= VI<p<P:{f[o w(0)>Li(RlDHRld) =0
<« f e Span(0,V(0 ))

1<p<P
But as Span (6,¥(0)),_,.p is precisely the tangent space of W(V') at point ¥(0), we see
that: for all # € R” and for all f in the tangent space of ¥(V) at point ¥ (#)

Tar (0, f, f) =0 <= f e Span (3,%(0)),_,.p[ |Span (6,%(0)),_,p = {0}
— f=0,
which concludes our proof. O

We can argue that the assumptions made about the existence of a neighborhood V' are
far too strong. In fact, we think that Riemanian submanifolds are a too rigid framework
for this formalism, so we plan to study in a future work the framework of stratified spaces,
also known as pseudo-manifolds. To our knowledge, there is no classical introduction to
this subject. However, one could refer to Feragen and Nye (2020).
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E. Complement to the proofs of Shin et al. (2020)

We focus on proving the first inequality of the proof of Theorem 3.4 (Appendix E) in Shin
et al. (2020), which is not straightforward. We first remark that £[€] can be rewritten:

L]é] = div(AVE + bé) + c- Ve + dé
Thus

~Cefelfern: = |

& div(AVE + bé) dA — J
U

éc-VédA—f de? d)\
U

U

=:P

Then we have by Green’s identity and using é|,,;, = 0:

P = —J (AVé+bé)~Véd>\+J (AVE + bé) - do
U 0

Con

U

0

= - J (Ve)"AVedr — f éb- Ved
U

U
Yielding :
—(L[é]|e) ;> = J (Ve)r Aveda +J éb- Veéd\ —J éc-Veéd —J de® d\
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where inequality (E.1) comes the fact that A is symmetric with minSpec(A) > A by
Assumption 3.3.1 ; inequality (E.2) is Cauchy-Schwartz minoration ; equality (E.3) is the
parallelogram law and finally (E.4) comes from Assumption 3.3.5.
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F.1. Tools used to perform the experiments

Hardware: All the results presented in this report were obtained from experiments car-
ried out on the cluster of the TAU team at the Université Paris-Saclay, on an instance
comprising 32 cpu threads and 4 Nvidia® GeForce RTX 2080 Ti graphics cards with
12GB of VRAM memory?’.

Nevertheless, most of research has been conducted on BwUniCluster2.0?! instances with
dedicated Nvidia® tesla V100 architectures®.

Software: All our expriments were coded in python programming language®. For neural
networks training, we used the pytorch library (Paszke et al., 2019) built upon cuda
toolkit? for gpu acceleration and some facilities of the PINNs specific library deepxde (Lu
et al., 2021), as well as the numpy library (Harris et al., 2020) for any matrix manipulation.
For the sampling process (see Section 4.1.1), the scipy (Virtanen et al., 2020) library was
used, while data manipulation was achieved thanks to pandas library (McKinney, 2010).
The figures below were generated using matplotlib library (Hunter, 2007), tensorboard
visualization tool from the tensorflow library (Abadi et al., 2016) and the tikzplotlib
pacakge?.

All the code used to run our experiments will be available at https://github.com/
IloneM/NS-PINNs-MA.

2Ohttps://www.nvidia.com/en-us/geforce/graphics-cards/compare/?section=compare-20

2lhttps://wiki.bwhpc.de/e/Category:BulUniCluster_2.0

22nttps://images.nvidia.com/content/technologies/volta/pdf/volta-v100-datasheet-update-us-1165301-rE
pdf

2https://www.python.org/

24https://developer.nvidia.com/cuda-toolkit

25https://pypi.org/project/tikzplotlib/
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F.2. Complementary experimental results to Section 4.2.3

F.2.1. Complementary MSEs for each variable for all 4-folds
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Figure 29: Train and Test MSEs of each of the variables of the model for the data driven
approach with weight correction, with a constant applied current density I,,, =
40 A-m~2 on 4-fold 1, with respect to the gradient descent steps with the Adam
algorithm up to step 15000 and L-BFGS from step 15001 to step 16000.

106



F. Additional experiment results content

- 10° - | — Train MSE (4-fold 2) = o0 | — Train MSE (4-fold 2)
5 01 - —— Test MSE (4-fold 2) 5 —— Test MSE (4-fold 2)
&0 o0
i) i)
< <
IS IS
£a) ~
=2 2
= =
0 5,000 10,000 15,000 0 5,000 10,000 15,000
Gradient descent step Gradient descent step
(a) MSE of solid potential (¢s) (b) MSE of electrolyte potential (¢e)
101 _

= 0 —— Train MSE (4-fold 2) = . — Train MSE (4-fold 2)
g —— Test MSE (4-fold 2) = 1007 | — Test MSE (4-fold 2)
O &~
IS IS
z z
= =
| | | | | | | |
0 5,000 10,000 15,000 0 5,000 10,000 15,000
Gradient descent step Gradient descent step
(c) MSE of lithium ions concentration in the (d) MSE of temperature (7')
electrolyte (Ce)
= 10 | — Train MSE (4-fold 2)
S — Test MSE (4-fold 2)
:D 10—1 _
S
kS
=
=
=

| | |
0 5,000 10,000 15,000
Gradient descent step

(e) MSE of lithium ions surface concentration
in the solid-phase (C})

Figure 30: Train and Test MSEs of each of the variables of the model for the data driven
approach with weight correction, with a constant applied current density I,,, =
40 A-m~2 on 4-fold 2, with respect to the gradient descent steps with the Adam
algorithm up to step 15000 and L-BFGS from step 15001 to step 16000.
We see that L-BFGS fails to converge for all variables.
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Figure 31: Train and Test MSEs of each of the variables of the model for the data driven
approach with weight correction, with a constant applied current density I,,, =
40 A-m~2 on 4-fold 3, with respect to the gradient descent steps with the Adam
algorithm up to step 15000 and L-BFGS from step 15001 to step 16000.
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Figure 32: Train and Test MSEs of each of the variables of the model for the data driven
approach with weight correction, with a constant applied current density I,,, =
40 A-m~? on 4-fold 4, with respect to the gradient descent steps with the Adam
algorithm up to step 15000 and L-BFGS from step 15001 to step 16000.
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F.3. Complementary results to Section 4.3
F.3.1. Results for I,,, = —40 A-m2
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Train loss L5, for the PINN approach with boundary conditions data from
LIONSIMBA with self-adaptive mechanism, with a constant applied current
density Ip,, = —40A-m~2 (¢f. Table 7) and a simulation time Ty = 4005,
with respect to the gradient descent steps with the Adam algorithm up to step
15000 and L-BFGS from step 15001 to step 16000.

We see that the learning process succeeded, the loss losing more than 4 orders
of magnitude during training, indicating that the neural network did learn
both the boundary conditions data, and the losses from the P2D model PDEs.
We also find that each loss component contributes exactly the same orders of
magnitude to the total loss, meaning that each component has been learned
equally.
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Figure 34: MSEs of each of the variables of the model for the PINN approach with bound-
ary conditions data from LIONSIMBA with self-adaptive mechanism, with a
constant applied current density I, = —40 A-m~? (¢f. Table 7) and a simu-
lation time T},,, = 400s, with respect to the gradient descent steps with the
Adam algorithm up to step 15000 and L-BFGS from step 15001 to step 16000.
We observe that all variables are equally learned by the neural networks, each
MSE losing 5 orders of magnitudes during the training process, which means
that the neural network generalizes very well thanks to the equations enforced
in the loss through operator D.
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F.3.2. Results for I,,, = —20A-m™
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Train loss £33, for the PINN approach with boundary conditions data from
LIONSIMBA with self-adaptive mechanism, with a constant applied current
density Ip, = —20A-m™2 (c¢f. Table 7) and a simulation time Ty. = 4005,
with respect to the gradient descent steps with the Adam algorithm up to step
15000 and L-BFGS from step 15001 to step 16000.

We see that the learning process succeeded, the loss losing 6 orders of mag-
nitude during training, indicating that the neural network did learn both the
boundary conditions data, and the losses from the P2D model PDEs.

We also find that each loss component contributes exactly the same orders of
magnitude to the total loss, meaning that each component has been learned
equally.
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Figure 36: MSEs of each of the variables of the model for the PINN approach with bound-
ary conditions data from LIONSIMBA with self-adaptive mechanism, with a
constant applied current density I,,, = —20 A‘m~2 (¢f. Table 7) and a simu-
lation time Ty, = 400s, with respect to the gradient descent steps with the
Adam algorithm up to step 15000 and L-BFGS from step 15001 to step 16000.
We observe that all variables are equally learned by the neural networks, each
MSE losing betwenn 5 and 7 orders of magnitudes during the training process,
which means that the neural network generalizes very well thanks to the equa-

tions enforced in the loss through operator D.
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F.3.3. Results for I,,, = 20 A-m2
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Figure 37:
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Train loss £33, for the PINN approach with boundary conditions data from
LIONSIMBA with self-adaptive mechanism, with a constant applied current
density L, = 20A'-m™2 (¢f. Table 7) and a simulation time Ty, = 400s,
with respect to the gradient descent steps with the Adam algorithm up to step
15000 and L-BFGS from step 15001 to step 16000.

We see that the learning process succeeded, the loss losing more than 5 orders
of magnitude during training, indicating that the neural network did learn
both the boundary conditions data, and the losses from the P2D model PDEs.
We also find that each loss component contributes exactly the same orders of
magnitude to the total loss, meaning that each component has been learned
equally.
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Figure 38: MSEs of each of the variables of the model for the PINN approach with bound-
ary conditions data from LIONSIMBA with self-adaptive mechanism, with a
constant applied current density I, = 20 A-m~2 (¢f. Table 7) and a simula-
tion time Ty, = 400s, with respect to the gradient descent steps with the
Adam algorithm up to step 15000 and L-BFGS from step 15001 to step 16000.
We observe that all variables are equally learned by the neural networks, each
MSE losing between 5 and 6 orders of magnitudes during the training process,
which means that the neural network generalizes very well thanks to the equa-
tions enforced in the loss through operator D.
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F.3.4. Results for I,,, = 40A-m2
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Train loss £33, for the PINN approach with boundary conditions data from
LIONSIMBA with self-adaptive mechanism, with a constant applied current
density L, = 40A'-m™2 (¢f. Table 7) and a simulation time Ty, = 400s,
with respect to the gradient descent steps with the Adam algorithm up to step
15000 and L-BFGS from step 15001 to step 16000.

We see that the learning process succeeded, the loss losing 5 orders of mag-
nitude during training, indicating that the neural network did learn both the
boundary conditions data, and the losses from the P2D model PDEs.

We also find that each loss component contributes exactly the same orders of
magnitude to the total loss, meaning that each component has been learned
equally.
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Figure 40: MSEs of each of the variables of the model for the PINN approach with bound-
ary conditions data from LIONSIMBA with self-adaptive mechanism, with a
constant applied current density I,,, = 40 A-m~? (¢f. Table 7) and a simula-
tion time T, = 400s, with respect to the gradient descent steps with the
Adam algorithm up to step 15000 and L-BFGS from step 15001 to step 16000.
We observe that all variables are equally learned by the neural networks, each
MSE losing 6 orders of magnitudes during the training process, which means
that the neural network generalizes very well thanks to the equations enforced
in the loss through operator D. 117
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F.3.5. Heatmaps in the positive current collector
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Figure 41: Heatmaps of the lithium ions concentration in the solid-phase in anode for the
PINN approach with boundary conditions data from LIONSIMBA with self-
adaptive mechanism, with a constant applied current density I,,, = 40 A-m ™2
(¢f. Table 7) and a simulation time Tj,., = 400s, evaluated after the final
step of the gradient descent with 15000 Adam steps, followed by 1000 L-BFGS

steps.

We see that the solution is very well approximated, achieving an error relative

to LIONSIMBA of less than 0.0005%.
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F.3.6. Heatmaps in the cathode
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Figure 42: Heatmaps of the lithium ions concentration in the solid-phase in anode for the
PINN approach with boundary conditions data from LIONSIMBA with self-
adaptive mechanism, with a constant applied current density I,,, = 40 A-m ™2
(¢f. Table 7) and a simulation time Tj,., = 400s, evaluated after the final
step of the gradient descent with 15000 Adam steps, followed by 1000 L-BFGS
steps.

We see that the solution is very well approximated, achieving an error relative
to LIONSIMBA of less than 0.0005%.
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Figure 43: Heatmaps of the lithium ions concentration in the solid-phase in anode for the
PINN approach with boundary conditions data from LIONSIMBA with self-
adaptive mechanism, with a constant applied current density I,p, = 40 A-m ™2
(cf. Table 7) and a simulation time Ty, = 400s, evaluated after the final
step of the gradient descent with 15000 Adam steps, followed by 1000 L-BFGS
steps.

We see that the solution is very well approximated, achieving an error relative
to LIONSIMBA of about 1%.
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Figure 44: Heatmaps of the lithium ions concentration in the solid-phase in anode for the
PINN approach with boundary conditions data from LIONSIMBA with self-
adaptive mechanism, with a constant applied current density I,,, = 40 A-m ™2
(¢f. Table 7) and a simulation time Tj,., = 400s, evaluated after the final
step of the gradient descent with 15000 Adam steps, followed by 1000 L-BFGS
steps.

We see that the solution is very well approximated, achieving an error relative
to LIONSIMBA of about 0.01%.
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Figure 45: Heatmaps of the lithium ions concentration in the solid-phase in anode for the
PINN approach with boundary conditions data from LIONSIMBA with self-
adaptive mechanism, with a constant applied current density I,,, = 40 A-m ™2
(¢f. Table 7) and a simulation time T, = 400s, evaluated after the final

step of the gradient descent with 15000 Adam steps, followed by 1000 L-BFGS
steps.

We see that the solution is very well approximated, achieving an error relative
to LIONSIMBA of about 1%.
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Figure 46: Heatmaps of the lithium ions concentration in the solid-phase in anode for the
PINN approach with boundary conditions data from LIONSIMBA with self-
adaptive mechanism, with a constant applied current density I,,, = 40 A-m ™2
(¢f. Table 7) and a simulation time Tj,., = 400s, evaluated after the final
step of the gradient descent with 15000 Adam steps, followed by 1000 L-BFGS
steps.

We see that the solution is very well approximated, achieving an error relative
to LIONSIMBA of less than 0.005%.
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F.3.7. Heatmaps in the separator
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Figure 47: Heatmaps of the lithium ions concentration in the solid-phase in anode for the
PINN approach with boundary conditions data from LIONSIMBA with self-
adaptive mechanism, with a constant applied current density I,,, = 40 A-m ™2
(c¢f. Table 7) and a simulation time T},,c = 400s, evaluated after the final
step of the gradient descent with 15000 Adam steps, followed by 1000 L-BFGS
steps.

We see that the solution is very well approximated, achieving an error relative
to LIONSIMBA of less than 0.0005%.
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Figure 48: Heatmaps of the lithium ions concentration in the solid-phase in anode for the
PINN approach with boundary conditions data from LIONSIMBA with self-
adaptive mechanism, with a constant applied current density I,p, = 40 A-m ™2
(cf. Table 7) and a simulation time Ty, = 400s, evaluated after the final
step of the gradient descent with 15000 Adam steps, followed by 1000 L-BFGS
steps.

We see that the solution is very well approximated, achieving an error relative
to LIONSIMBA of about 0.2%.
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Figure 49: Heatmaps of the lithium ions concentration in the solid-phase in anode for the
PINN approach with boundary conditions data from LIONSIMBA with self-
adaptive mechanism, with a constant applied current density I,,, = 40 A-m™2
(cf. Table 7) and a simulation time Ty, = 400s, evaluated after the final
step of the gradient descent with 15000 Adam steps, followed by 1000 L-BFGS
steps.

We see that the solution is very well approximated, achieving an error relative
to LIONSIMBA of about 0.5%.
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F.3.8. Heatmaps in the anode
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Figure 50: Heatmaps of the lithium ions concentration in the solid-phase in anode for the
PINN approach with boundary conditions data from LIONSIMBA with self-
adaptive mechanism, with a constant applied current density I,,, = 40 A-m ™2
(¢f. Table 7) and a simulation time T, = 400s, evaluated after the final
step of the gradient descent with 15000 Adam steps, followed by 1000 L-BFGS
steps.

We see that the solution is very well approximated, achieving an error relative
to LIONSIMBA of less than 0.0005%.
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Figure 51: Heatmaps of the lithium ions concentration in the solid-phase in anode for the
PINN approach with boundary conditions data from LIONSIMBA with self-
adaptive mechanism, with a constant applied current density I,p, = 40 A-m™2
(cf. Table 7) and a simulation time Ty, = 400s, evaluated after the final
step of the gradient descent with 15000 Adam steps, followed by 1000 L-BFGS
steps.

We see that the solution is very well approximated, achieving an error relative
to LIONSIMBA of less than 0.5%.
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Figure 52: Heatmaps of the lithium ions concentration in the solid-phase in anode for the
PINN approach with boundary conditions data from LIONSIMBA with self-
adaptive mechanism, with a constant applied current density I,,, = 40 A-m ™2
(¢f. Table 7) and a simulation time Tj,., = 400s, evaluated after the final
step of the gradient descent with 15000 Adam steps, followed by 1000 L-BFGS
steps.

We see that the solution is very well approximated, achieving an error relative
to LIONSIMBA of about 0.1%.
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Figure 53: Heatmaps of the lithium ions concentration in the solid-phase in anode for the

PINN approach with boundary conditions data from LIONSIMBA with self-
adaptive mechanism, with a constant applied current density I,,, = 40 A-m™2
(¢f. Table 7) and a simulation time T, = 400s, evaluated after the final
step of the gradient descent with 15000 Adam steps, followed by 1000 L-BFGS
steps.

Here we see that the relative error with respect to LIONSIMBA seems very
high, reaching almost 10*%. This is explained by the fact that ¢, is exactly
equal to 0 on the end x,, of the anode (here depicted in the lower part of the
graph), as this is a boundary condition of the P2D model (cf. Equation (2.8¢)).
If, on the other hand, we focus on the absolute error, and compare it with the
orders of magnitude of ¢, on the anode depicted in Figure 54b, we find that
the effective relative error, outside a neighborhood close to {x,}[0, Tiax], is
rather of the order of 1%.
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Figure 54: Heatmaps of the lithium ions concentration in the solid-phase in anode for the
PINN approach with boundary conditions data from LIONSIMBA with self-
adaptive mechanism, with a constant applied current density I,,, = 40 A-m ™2
(¢f. Table 7) and a simulation time T, = 400s, evaluated after the final
step of the gradient descent with 15000 Adam steps, followed by 1000 L-BFGS
steps.

We see that the solution is very well approximated, achieving an error relative
to LIONSIMBA of less than 0.03%.
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F.3.9. Heatmaps in the negative current collector
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Figure 55: Heatmaps of the lithium ions concentration in the solid-phase in anode for the
PINN approach with boundary conditions data from LIONSIMBA with self-
adaptive mechanism, with a constant applied current density I,,, = 40 A-m ™2
(¢f. Table 7) and a simulation time Tj,., = 400s, evaluated after the final
step of the gradient descent with 15000 Adam steps, followed by 1000 L-BFGS
steps.

We see that the solution is very well approximated, achieving an error relative
to LIONSIMBA of less than 0.0005%.
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