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Abstract: Physics Informed Neural Networks (PINNs) have gained significant interest
for solving PDE-driven systems, particularly for data assimilation, but still face many
challenges. This paper introduces an approach that enhances the speed and accuracy
of PINNs training with a new natural gradient scaling as min(𝑃 2𝑆, 𝑆2𝑃), where 𝑃
is the number of parameters and 𝑆 is the batch size. In addition, it shows an explicit
connection with Green’s function theory.

Physics Informed Neural Networks

Given a Partial Differential and Boundary Operator:

𝐷 : {ℋ� → � L2(Ω → ℝ,𝜇)�
𝑢� ↦ � 𝐷[𝑢]

, 𝐵 : {ℋ� → � L2(𝜕Ω → ℝ, 𝜎)�
𝑢� ↦ � 𝐵[𝑢]

,

we aim to solve: {𝐷(𝑢)=𝑓∈L
2(Ω→ℝ,𝜇) inΩ

𝐵(𝑢)=𝑔∈L2(𝜕Ω→ℝ,𝜎)on𝜕Ω.
PINNs key idea: Optimize a neural network 𝑢|𝜃 on the loss

ℓ(𝜽) := 1
2𝑆𝐷

∑
𝑆𝐷

𝑖=1
(𝐷[𝑢| 𝜽](𝑥𝐷𝑖 ) − 𝑓(𝑥𝐷𝑖 ))

2
+ 1
2𝑆𝐵

∑
𝑆𝐵

𝑖=1
(𝐵[𝑢| 𝜽](𝑥𝐵𝑖 ) − 𝑔(𝑥𝐵𝑖 ))

2
,

Problem: This leads to low accuracy when using SGD.

Neural Tangent Kernel (NTK)

Jacot et al. show that for an empirical quadratic loss: ℓ(𝜃) := 1
2
∑
𝑆

𝑖=1
(𝑢𝜃(𝑥𝑖) − 𝑦𝑖)2,

the functional dynamic of the gradient descent on ℓ can be described by:

d𝑢𝜃𝑡
d𝑡

(𝑥) = −∑
𝑆

𝑖=1
𝑁𝑇𝐾𝜃𝑡(𝑥, 𝑥𝑖)(𝑢| 𝜃𝑡(𝑥𝑖) − 𝑦𝑖),

with: 𝑁𝑇𝐾𝜃𝑡(𝑥, 𝑦) :=∑
𝑃

𝑝=1
(𝜕𝑝𝑢| 𝜃𝑡(𝑥))(𝜕𝑝𝑢| 𝜃𝑡(𝑦))

𝑇 .

Natural Gradient

Given the functional quadratic loss: ℒ : 𝑣 ∈ L2(Ω) ↦ 1
2 ‖𝑣 − 𝑓 ‖

2
L2(Ω),

whose gradient is : ∇ℒ| 𝑣 = 𝑣 − 𝑓, the natural gradient update is given by:

𝜽𝑡+1 ← 𝜽𝑡 − 𝜂 d𝑢
†
| 𝜽𝑡(Π

⊥
𝑇𝜽𝑡ℳ

(∇ℒ| 𝑢| 𝜽𝑡))

Illustration of Natural Gradient in functional space

Rudner et al. show that functional dynamics then follow the Natural NTK (NNTK):

d𝑢𝜃𝑡
d𝑡

(𝑥) = −∑
𝑆

𝑖=1
𝑁𝑁𝑇𝐾𝜃𝑡(𝑥, 𝑥𝑖)(𝑢| 𝜃𝑡(𝑥𝑖) − 𝑦𝑖), with :

𝑁𝑁𝑇𝐾𝜽(𝑥, 𝑦) := ∑
1≤𝑝,𝑞≤𝑃

(𝜕𝑝𝑢| 𝜽(𝑥))𝐺
†
𝜽𝑝𝑞(𝜕𝑞𝑢| 𝜽(𝑦))

𝑡
; 𝐺𝜽𝒑,𝒒 := ⟨𝜕𝑝𝑢| 𝜽 , 𝜕𝑞𝑢| 𝜽⟩ℋ.

.

Lemma   Π⊥𝑇𝜽𝑡ℳ is an integral operator whose kernel is 𝑁𝑁𝑇𝐾𝜃𝑡 .

In particular the natural gradient update rewrites:

𝜽𝑡+1 ← 𝜽𝑡 − 𝜂𝐺
†
𝜽𝑡∇𝜽𝑡ℒ(𝑢| 𝜽𝑡)

Comparison of NTK and NNTK at initialization for Heat equation in (1+1) D.
Reading: the red cross being 𝑥𝑖, the plot represents the function (𝑁)𝑁𝑇𝐾𝜽0(𝑥𝑖, ·)

Comparison of final NTK and NNTK for Heat equation in (1+1) D.
Reading: the red cross being 𝑥𝑖, the plot represents the function (𝑁)𝑁𝑇𝐾𝜽end(𝑥𝑖, ·)

Empirical Natural Gradient

We introduce the empirical Natural Gradient as the projection of ∇ℒ| 𝑢| 𝜽𝑡  onto the
empirical Tangent Space:

𝑇𝑁𝑁𝑇𝐾𝜽,(𝑥𝑖) ℳ := Span(𝑁𝑁𝑇𝐾𝜽(·, 𝑥𝑖) : (𝑥𝑖)1≤𝑖≤𝑆) ⊂ 𝑇𝜽ℳ,

where (𝑥𝑖)1≤𝑖≤𝑆  are given collocation points.

Theorem   empirical Natural Gradient is accurately approximated by:

𝜽𝑡+1 ← 𝜽𝑡 − 𝜂 𝜙
†
𝜽 ∇̂ℒ| 𝑢| 𝜽 ; 𝜙𝜽𝑖,𝑝 := 𝜕𝑝𝑢| 𝜽(𝑥𝑖) ; ∇̂ℒ| 𝑢| 𝜽𝑖

:= ∇ℒ| 𝑢| 𝜽(𝑥𝑖),

resulting in 𝑂(min(𝑃 2𝑆, 𝑆2𝑃)) computational complexity.

PINNs are a quadratic regression

Applying our algorithm to PINNs only requires to notice that PINNs are a quadratic
regression problem, using the model:

(𝐷,𝐵) ∘ 𝑢 : {ℝ
𝑃 � → � ℋ� → � L2(Ω) × L2(𝜕Ω)�

𝜽� ↦ � 𝑢| 𝜽 � ↦ � (𝐷[𝑢| 𝜽], 𝐵[𝑢| 𝜽])
.

Illustration of Natural Gradient of PINNs

Connection to Green’s function theory

Definition   A generalized Green’s function is any kernel function 𝑔 : Ω × Ω → ℝ such
that the operator:

𝑅 : 𝑓 ∈ L2(Ω → ℝ,𝜇) ↦ (𝑥 ∈ Ω ↦ ∫
Ω
𝑔(𝑥, 𝑠)𝑓(𝑠)𝜇(d𝑠)) ∈ ℋ

verifies the equation: 𝐷 ∘ 𝑅 = Π⊥𝐷[ℋ0]

Theorem   Let 𝐷 : ℋ → L2(Ω → ℝ,𝜇) be a linear differential operator and 𝑢 :
ℝ𝑃 →ℋ a parametric model. Then for all 𝜽 ∈ ℝ𝑃  the generalized Green’s function
of 𝐷 on 𝑇𝜽ℳ= Im d𝑢| 𝜽 is given by: for all 𝑥, 𝑦 ∈ Ω

𝑔𝑇𝜽ℳ(𝑥, 𝑦) := ∑
1≤𝑝,𝑞≤𝑃

𝜕𝑝𝑢| 𝜽(𝑥)𝐺†
𝑝,𝑞𝜕𝑞𝐷[𝑢| 𝜽](𝑦),

with for all 1 ≤ 𝑝, 𝑞 ≤ 𝑃

𝐺𝑝𝑞 := ⟨𝜕𝑝𝐷[𝑢| 𝜽] , 𝜕𝑞𝐷[𝑢| 𝜽]⟩L2(Ω→ℝ,𝜇).

In particular, the natural gradient of PINNs can be rewritten:

𝜽𝑡+1 ← 𝜽𝑡 − 𝜂 d𝑢
†
| 𝜽𝑡(𝑥 ∈ Ω ↦ ∫

Ω
𝑔𝑇𝜽𝑡ℳ(𝑥, 𝑦)∇ℒ| 𝜽𝑡(𝑦)𝜇(d𝑦)),

Interpretation: Following the natural gradient for PINNs boils down to infinitesi0
mally moving in the direction of the solution to the linearized equation.

(a) Initialization (b) Final
Generalized Green’s functions for Laplace equation in 2 D.

Reading: the red cross being 𝑥𝑖, the plot represents the function 𝑔𝑇𝜽0ℳ(𝑥𝑖, ·)

(a) Initialization (b) Final

Generalized Green’s functions for Heat equation in (1+1) D
Reading: the red cross being 𝑥𝑖, the plot represents the function 𝑔𝑇𝜽endℳ(𝑥𝑖, ·)

Collocation points selection criterion

One of the pleasant byproducts of the empirical natural gradient formulation is that
it gives a straightforward criterion for collocation points selection:

(𝑥*𝑖 ) := argmin
(𝑥𝑖)∈Ω𝑆

‖Π⊥Span(𝑁𝑁𝑇𝐾𝜽(𝑥𝑖,·):1≤𝑖≤𝑆)(∇ℒ| 𝑢| 𝜃) −∇ℒ| 𝑢| 𝜃‖
2

ℋ
.

Making the most of this criterion is currently the subject of an in-depth study.

Results

Median 𝐿2 errors and Test losses for Laplace equation in 2 D

Median 𝐿2 errors and Test losses for Heat equation in (1+1) D

Median 𝐿2 errors and Test losses for Laplace equation in 5 D

Median 𝐿2 errors and Test losses for Allen-Cahn equation in (1+1) D
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