ANaGRAM: A Natural Gradient Relative to Adapted Metrics for
efficient PINNs learning
Seminar of the Institute for Applied and Numerical Mathematics, KIT

Nilo Schwencke

July 24th, 2024

1/33



Todo

NNTK plots in abolute value or log that goes into negatives also (avoid white
areas)

Add computing time plots
Add references to Zeinhofer

Complete references to Green function (make it one slide) and add the drawing of
Green function function update and PINNs as least-square regression
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Physics informed neural networks (PINNs)
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Neural networks

Definition
A neural network is a smooth
non-linear functional

{RP — L*Q—R,p)
u:
0 = Up

J

Universal approximation property of neural
networks (Leshno et al., 1993): vy can
approximate any function in L2(Q — R, ),
in particular any solution to a PDE.

PINNs in a nutshell

How to approximate such a solution?

Answer: Just as we would for any neural
network, i.e. by gradient descent (Lagaris
et al., 1998; Raissi et al., 2019). More
precisely, given the PDE:

Dlul=f inQ
Blul=g onoQ’

we will optimize the loss:

Sp

€0) =55 Y (DLl (6P — FxP)’
i=1
1 & B B)?
+og 2, (Blul(xP) — &)
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PINNs shortcomings and drawbacks

metyics/m@yrdam/poisbadaRdppigson_2d.png

(a) L?* (b) Test
error of loss of
PINN PINN

solution  solution

Figure: PINN solution under standard Adam optimization, to Laplace equation in 2D:

Au = —27?sin(mx;) sin(mxz) in [0,1]2
u=0 on 0[0,1]?
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PINNs shortcomings and drawbacks

metyics/meyridam/heas/pigm_heat.png
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Figure: PINN solution under standard Adam optimization, to Heat equation in 1+1D:

Ot — 30xu =0 in [0,1]?
u=0 on [0,1] x {0} |J[0,1] x {1}
u = sin(7x) on {0} x [0,1]
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Natural Gradient
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Introduced by Amari and Douglas (1998) in
the context of Information Geometry. Given
aloss: £:0 — R*, the gradient descent:

Ot+1 < 0 — VUL,
is replaced by the update:
Opr1 < 0 — TIGTV&

with G the Hessian of the Kullback-Leibler
divergence. More generally in the context
of Riemannian manifolds:

Ors1 < 0, — GV,

with Gp ¢ 1= Go(Opup, Oqup), the Gram
matrix of partial derivatives w.r.t a
Riemannian-(pseudo) metric Gy.

Natural Gradient in a nutshell

Shortcomings
e Computation of the Gram matrix G is
quadratic in the number of parameters.
e |nversion of G is cubic

Common solutions are approximations
through Kronecker factorization (?).

We will show that, in the context of
deep-learning there is a far more
efficient way to approximate !
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Re'”Ferpret'ng quadratic I_Oss A functionnal analysis perspective
Consider the loss of a classical quadratic

. , Reinterpreting natural gradient
regression problem, with (x;) sampled from P & &

pon * M:=Imu={u : e RF)
;S ® ToM :=Imduy = Span(dpup)
2
=25 . Z up(xi) — £(x;)) In the population limit, natural gradient can
i=1 be reinterpreted as the update:
In the limit S — oo (population limit), this Opi1 < Op — ndul’ret (n#@tMvﬁ) ’

loss can be reinterpreted as the evaluation
on ug of the functional loss:

1
L(u) =3 u = FlTzq, -

T4 VL

Taking the Fréchet derivative : o

dﬁ‘u(h) = <U - f, h>L2(Q,,LL) = <VE, h>L2(Q“LL)
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Reinterpreting PINNs loss
Consider the PINNs loss, with (xP)
sampled from p on Q and (x5)
sampled from o on 0Q:

1 X 2

(6) =55 3, (DLl (P) — FP)
i=1

1 2

o5 2, (Blul(P) — &)

In the limit S — oo (population
limit), this loss can be reinterpreted
as the evaluation on wuy of the
functional loss:

£() =3 1] -

+31814]

Flltz (.

PINNs natural gradient
Taking the Fréchet derivative :

dLy,(h) ={D[u] - f, dD|U(h)>L2(Q,u)
+(Blu] - g, dB|U(h)>L2(Q,u)
=(VL, (ADyy(h); dBlu(h)))1 20 ) x12(000)
—<Vﬁ d(D, B) Iu >L2(Q,u)><L2(6Qo)
J %D,B :=Im(D, B) = {(D[u],B[u]) : ue

hd TuMD,B = 1Im d(D, B)|u
Gradient update:

vesr < ue —nd(D, B)f, (I‘IT MDBVE),

2
- gHLz(z?Q,a)
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Remark PINNs natural gradient

PINNs are essentially a classical quadratic
regression using the model:

(D,B)ou:RF - 1L2(Q,u) x L2(6Q, 0)
e [:=Im(D,B)ou={(D[ug], Blug]) :
6 e RP)
® Tyl :=Imd((D,B)ou)y, =
Span ((d|u, D[@pus), d|u, B[Opup]))
* VL = (D[ug] - f, Blug] — &)
In the population limit, natural gradient of
PINNs can be reinterpreted as the update:

Ori1 — 01— (duwt od(D, B)Mt)T (n#etrv,/;)

Figure: Natural Gradient of PINNs illustration

o ) = = =
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Neural Tangent Kernel (NTK)
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Jacot et al. (2018) shows that for an
empirical quadratic loss:
T
£(0) := 2 Z(UG(XI) —yi)?
i=1
the functionnal dynamic of the gradient
descent on ¢ can by described by:

dug, N

4 )= _;NTK(XaXi)(W(Xi) - ¥i),
with: p

NTK(x,y) Z Opp(x)) (Opue(y)) "

p=1

NTK in a nutshell

Proposition
The functionnal dynamic of the natural
gradient descent on:
N
00) = Y (ug(x:))
i=1
is described by (Rudner et al., 2019):
N
- Z NNTK (x, ;)7 (ug(x;)),
i=1

dug, N
dt B

with:
NNTK(x,y) :=

D1 (@pun(x)) Gy (Bpua(y)) T

1<p,q<P
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Some consequences

Corollary . \

The empirical functional dynamics takes place in
the subspace:

ToM = Span(NNTK (-, x;) : (xi)1<i<n) < ToM.

Corollary

There exist P points
(Q;)lg,'gp such that the

/ natural empirical
] dynamics matchs the
Corollary population dynamics,
We can define an empirical natural gradient i-i- such that: |
update by : nﬁ;/\/tv£ = Mg, VL.
Ori1 = 0 — nduly, (I‘I%MVE) . (
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Proposition  keproducing Kernel Hilbert Spaces (RKHS) détour
An Hilbert space H of functions defined on a set 2 — R is a RKHS if and only if the
following equivalent conditions are met:

@ The Identity operator Iy of H is a Hilbert-Schmidt operator.

® There exist a function k : L2(Q x Q — R) such that # = Span (k(x, ) : x € Q)

@ for all x € Q, the evaluation form e, : f € H — f(x) is continuous.

Lemma
If Ho := Span(u; : i € N) c H, then the
kernel of Ty, is:

Corollary

Any finite dimensional Hilbert space is a

RKHS

_ Nl
Proposition k(x,y) = Z u; G; juj (1)
If a RKHS H is isometrically embedded in e
a Hilbert space H1, then the orthogonal where Gy := (u;, uj),,.

projection [y, into Ho is a
Hilbert-Schmidt operator. 16/33



Algorithmically efficient natural gradient
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Main theorem

Theorem
Under mild assumptions, the empirical

: Remark
natural gradient update:

The pseudoinverse 1 can be computed
with a SVD. In particular the complexity of

9 =9de(n% VL) Y . !
£ A AN 7Y ’ the empirical natural gradient update is

does not require to estimate a Gram O(min(PN2, P2N)), which has to be
matrix. More precisely, we have: compared with:
d“re (I'I% Vﬁ) _ 1L, where ) ® O(PN) for cIassi?aI gradient update.
e\ TeM e O(P3 + P?2M) with M > Nlog(N)
e ViI<p<PVI<i<N,: cf;,-p = (Gram estimation cost) for classical
Opup(x;) natural gradient update.

e V1 <i< N,:ﬁ,- = VL(x)
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Sketch of proof |

Since TyM = Span(NNTK (-, x;) = (xi)1<i<n) © TyM, the associated projection
kernel is:
k(x,y) = NNTK (x, x;) G| /NNTK (x;, y)

where G is defined through: for all 1 < i,j < N

Gij = (NNTK(x;,-), NNTK(-,x;)) = NNTK (x;, xj) = efdGTdte
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Sketch of proof Il

N
N (VL= Y, NNTK(.x) Gl (NNTK (. -), £
ij=1

P N
S DT GpupGh 4t G ANNTK (55,), £
p,q=1i,j=1

P N
~ ~ AT
D1 D GounGlgdh ($GTOY) (NNTK(x.-). £
p,q=1ij=1 J
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Sketch of proof Ill

. et
Let us write the SVD of ® = VAU!. Then (chchf) — VATUtGUAT V! and thus:

P N
I'I%MVK = ) Opupes GTUAVIVATUTGUATVE Y o (NNTK (x;,-) , £
p=1 j=1

P N
> 0puae,§U(UtGU)T <'0 8) U'GUATV Y & (NNTK(x;,), )
p=1

Jj=1

Let us write:
Bt C

where Ae R"" B e R™P=" and C e RP~"P—"_|f we make the ansatz B = 0 and
f e TyM, the result holds.

G := U'GU = (A B>,

21/33



Application to PINNs
Since PINNs are essentially a quadratic regression for the model (D, B) o u, we have :

Corollary

duyg, od(D, B), J: =&>T§\£,Where
(d0n,2(0.8)1,) (15,v2)
i<

o Tgtr —Span(NNTK( X))+ (x ) 1<i<N) € Tg./\/l
*VI<p<PVI<i<N, :,:=0,((D,B)ou),(x)

e V1<i<N,: VL= VL(x)

Corollary
The Green function of the operator on the space uy + 7~_9F is given by:

P N
g(x,y) = () + 30 09 ()BT (NNTK (xi, y) — Dlug](x:))

p=1i=1 22/33



Apphcahonto PINNs

(a) NTK

(b) NNTK
Figure: Comparison of NTK and NNTK at initialization for Heat equation in 1+1D
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(b) NNTK
Figure: Comparison of NTK and NNTK at the end of optimization for Heat equation in7:1"‘17:D24/33
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Experiments
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Laplace equation

metyics/n@¥rhagramsppasagnadppngson_2d.png

(a) L?* (b) Test
error of loss of
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Figure: PINN solution under Anagram optimization, to Laplace equation in 2 D:

Au = —27?sin(mx;) sin(mxz) in [0,1]2
u=0 on 0[0,1]?
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Laplace equation
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(a) L? (b) Test
error of loss of
PINN PINN

solution  solution

Figure: Performance comparison of Anagram and Adam optimization for Laplace equation in
2D
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Heat equation

metyics/m@y¥Anagramshéatagngm _heat.png
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Figure: PINN solution under Anagram optimization, to Heat equation in 14+1D:

Ot — 30xu =0 in [0,1]?
u=0 on [0,1] x {0} |J[0,1] x {1}
u = sin(7x) on {0} x [0,1]
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Heat equation
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Figure: Performance comparison of Anagram and Adam optimization for Heat equation in
141D
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Conclusion and Perspectives
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Conclusions

® Anagram gives a theoretically founded
simplication to any natural-gradient
algorithm lowering the complexity from
O(P3 + P2M), M > Nlog(N) to
O(min(PN?, P2N)), which is above
stochastic gradient descent only by a
factor min(P, N).

¢ |n the case of PINNs, we prove that
natural gradient correspond to an
optimal linear update following the
Green function.

e Empirical results are improved by
several orders of magnitude.

® The SVD cut-off factor appears to be
a pivotal hyper-parameter of the
algorithm.

Perspectives

e Design of an optimal collocation
points procedure, coupled with SVD
cut-off factor adaptation strategy

e Establish theoretical connections with
classical algorithms, such as FEMs
e Include in this theoretical setting the
data assmilation, and understand its
regularizing effect
Next pivotal challenge is the design of an
efficient algorithm for non-linear PDEs
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Thank you for your attention !
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