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Todo

‚ NNTK plots in abolute value or log that goes into negatives also (avoid white
areas)

‚ Add computing time plots
‚ Add references to Zeinhofer
‚ Complete references to Green function (make it one slide) and add the drawing of

Green function function update and PINNs as least-square regression
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Physics informed neural networks (PINNs)
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PINNs in a nutshell
Neural networks

Definition
A neural network is a smooth
non-linear functional

u :

"

RP Ñ L2pΩ Ñ R, µq

θ ÞÑ uθ

Universal approximation property of neural
networks (Leshno et al., 1993): uθ can
approximate any function in L2pΩ Ñ R, µq,
in particular any solution to a PDE.

How to approximate such a solution?
Answer: Just as we would for any neural
network, i.e. by gradient descent (Lagaris
et al., 1998; Raissi et al., 2019). More
precisely, given the PDE:

#

Drus “ f in Ω

Brus “ g on BΩ
,

we will optimize the loss:

ℓpθq :“
1

2SD

SD
ÿ

i“1

´

DruθspxDi q ´ f pxDi q

¯2

`
1

2SB

SB
ÿ

i“1

´

BruθspxBi q ´ gpxBi q

¯2
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PINNs shortcomings and drawbacks

metrics/l2/adam_poisson_2d.png

(a) L2
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(b) Test
loss of
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Figure: PINN solution under standard Adam optimization, to Laplace equation in 2D:
#

∆u “ ´2π2 sinpπx1q sinpπx2q in r0, 1s2

u “ 0 on Br0, 1s2
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PINNs shortcomings and drawbacks

metrics/l2/adam_heat.png
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Figure: PINN solution under standard Adam optimization, to Heat equation in 1+1D:
$

’

&

’

%

Btu ´ 1
4Bxxu “ 0 in r0, 1s2

u “ 0 on r0, 1s ˆ t0u
Ť

r0, 1s ˆ t1u

u “ sinpπxq on t0u ˆ r0, 1s
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Natural Gradient
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Natural Gradient in a nutshellIntroduced by Amari and Douglas (1998) in
the context of Information Geometry. Given
a loss: ℓ : θ Ñ R`, the gradient descent:

θt`1 Ð θt ´ η∇ℓ,

is replaced by the update:

θt`1 Ð θt ´ ηG :∇ℓ,

with G the Hessian of the Kullback-Leibler
divergence. More generally in the context
of Riemannian manifolds:

θt`1 Ð θt ´ ηG :∇ℓ,

with Gp,q :“ GθpBpuθ, Bquθq, the Gram
matrix of partial derivatives w.r.t a
Riemannian-(pseudo) metric Gθ.

Shortcomings
‚ Computation of the Gram matrix G is

quadratic in the number of parameters.
‚ Inversion of G is cubic

Common solutions are approximations
through Kronecker factorization (?).
We will show that, in the context of
deep-learning there is a far more
efficient way to approximate !
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A functionnal analysis perspectiveReinterpreting quadratic loss
Consider the loss of a classical quadratic
regression problem, with pxi q sampled from
µ on Ω:

ℓpθq :“
1
2S

S
ÿ

i“1

puθpxi q ´ f pxi qq
2

In the limit S Ñ 8 (population limit), this
loss can be reinterpreted as the evaluation
on uθ of the functional loss:

Lpuq :“
1
2

}u ´ f }
2
L2pΩ,µq

Taking the Fréchet derivative :

dL|uphq “ xu ´ f , hyL2pΩ,µq “: x∇L , hyL2pΩ,µq

Reinterpreting natural gradient
‚ M :“ Im u “ tuθ : θ P RPq

‚ TθM :“ Im du|θ “ SpanpBpuθq

In the population limit, natural gradient can
be reinterpreted as the update:

θt`1 Ð θt ´ η du:

|θt

´

ΠK
TθtM

∇L
¯

,
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PINNs natural gradientReinterpreting PINNs loss
Consider the PINNs loss, with pxDi q

sampled from µ on Ω and pxBi q

sampled from σ on BΩ:

ℓpθq :“
1

2SD

SD
ÿ

i“1

´

DruθspxDi q ´ f pxDi q

¯2

`
1

2SB

SB
ÿ

i“1

´

BruθspxBi q ´ gpxBi q

¯2

In the limit S Ñ 8 (population
limit), this loss can be reinterpreted
as the evaluation on uθ of the
functional loss:

Lpuq :“
1
2

}Drus ´ f }
2
L2pΩ,µq

`
1
2

}Brus ´ g}
2
L2pBΩ,σq

Taking the Fréchet derivative :

dL|uphq “
@

Drus ´ f , dD|uphq
D

L2pΩ,µq

`
@

Brus ´ g , dB|uphq
D

L2pΩ,µq

“
@

∇L , pdD|uphq, dB|uphqq
D

L2pΩ,µqˆL2pBΩ,σq

“
@

∇L , dpD,Bq|uphq
D

L2pΩ,µqˆL2pBΩ,σq

‚ MD,B :“ ImpD,Bq “ tpDrus,Brusq : u P

Hq

‚ TuMD,B :“ Im dpD,Bq|u

Gradient update:

ut`1 Ð ut ´ η dpD,Bq
:

|ut

´

ΠK
TutMD,B

∇L
¯

,
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PINNs natural gradient
Remark
PINNs are essentially a classical quadratic
regression using the model:

pD,Bq ˝ u : RP Ñ L2pΩ, µq ˆ L2pBΩ, σq

‚ Γ :“ ImpD,Bq ˝ u “ tpDruθs,Bruθsq :
θ P RPq

‚ TθΓ :“ Im d ppD,Bq ˝ uq|θ “

Span
`

pd|uθDrBpuθs, d|uθBrBpuθsqq

‚ ∇L “ pDruθs ´ f ,Bruθs ´ gq

In the population limit, natural gradient of
PINNs can be reinterpreted as the update:

θt`1 Ð θt´η
´

du|θt ˝ dpD,Bq|uθt

¯: ´

ΠK
Tθt Γ

∇L
¯Figure: Natural Gradient of PINNs illustration
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Neural Tangent Kernel (NTK)
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NTK in a nutshell

Jacot et al. (2018) shows that for an
empirical quadratic loss:

ℓpθq :“
1
2

N
ÿ

i“1

puθpxi q ´ yi q
2

the functionnal dynamic of the gradient
descent on ℓ can by described by:

duθt
dt

pxq “ ´

N
ÿ

i“1

NTK px , xi qpuθpxi q ´ yi q,

with:

NTK px , yq :“
P

ÿ

p“1

pBpuθpxqq pBpuθpyqqT

Proposition
The functionnal dynamic of the natural
gradient descent on:

ℓpθq :“
N

ÿ

i“1

τpuθpxi qq

is described by (Rudner et al., 2019):

duθt
dt

pxq “ ´

N
ÿ

i“1

NNTK px , xi qτ
1puθpxi qq,

with:
NNTK px , yq :“
ÿ

1ďp,qďP

pBpuθpxqqG :
pqpBpuθpyqqT
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Some consequences

Corollary
The empirical functional dynamics takes place in
the subspace:
rTθM :“ SpanpNNTK p¨, xi q : pxi q1ďiďNq Ă TθM.

Corollary
We can define an empirical natural gradient
update by :

θt`1 “ θt ´ η du:

|θt

´

ΠK
rTθM

∇L
¯

.

Corollary
There exist P points
px̂i q1ďiďP such that the
natural empirical
dynamics matchs the
population dynamics,
i.e. such that:
ΠK

rTθM
∇L “ ΠK

TθM∇L.
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Reproducing Kernel Hilbert Spaces (RKHS) détourProposition
An Hilbert space H of functions defined on a set Ω Ñ R is a RKHS if and only if the
following equivalent conditions are met:

1 The Identity operator Id of H is a Hilbert-Schmidt operator.
2 There exist a function k : L2pΩ ˆ Ω Ñ Rq such that H “ Span pkpx , ¨q : x P Ωq

3 for all x P Ω, the evaluation form ex : f P H ÞÑ f pxq is continuous.

Corollary
Any finite dimensional Hilbert space is a
RKHS

Proposition
If a RKHS H0 is isometrically embedded in
a Hilbert space H1, then the orthogonal
projection ΠH0 into H0 is a
Hilbert-Schmidt operator.

Lemma
If H0 :“ Spanpui : i P Nq Ă H, then the
kernel of ΠH0 is:

kpx , yq “
ÿ

iPN
uiG

:

i ,juj (1)

where Gij :“ xui , ujyH.
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Algorithmically efficient natural gradient
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Main theorem
Theorem
Under mild assumptions, the empirical
natural gradient update:

θt`1 “ θt ´ η du:

|θt

´

ΠK
rTθM

∇L
¯

,

does not require to estimate a Gram
matrix. More precisely, we have:

du:

|θt

´

ΠK
rTθM

∇L
¯

“ Φ̂:
y∇L,where (2)

‚ @1 ď p ď P,@1 ď i ď N, : Φ̂i ,p :“
Bpuθpxi q

‚ @1 ď i ď N, : y∇Li :“ ∇Lpxi q

Remark
The pseudoinverse Φ̂: can be computed
with a SVD. In particular the complexity of
the empirical natural gradient update is
OpminpPN2,P2Nqq, which has to be
compared with:

‚ OpPNq for classical gradient update.
‚ OpP3 ` P2Mq with M ą N logpNq

(Gram estimation cost) for classical
natural gradient update.
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Sketch of proof I

Since rTθM “ SpanpNNTK p¨, xi q : pxi q1ďiďNq Ă TθM, the associated projection
kernel is:

kpx , yq “ NNTK px , xi qĜ
:

i ,jNNTK pxj , yq

where Ĝ is defined through: for all 1 ď i , j ď N

Ĝi ,j :“ xNNTK pxi , ¨q , NNTK p¨, xjqy “ NNTK pxi , xjq “ eti Φ̂G
:Φ̂tej
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Sketch of proof II

ΠK
rTθM

∇L “

N
ÿ

i ,j“1

NNTK p¨, xi qĜ
:

i ,j xNNTK pxj , ¨q , f y

“

P
ÿ

p,q“1

N
ÿ

i ,j“1

Bpu|θG
:
p,qΦ̂

t
q,i Ĝ

:

i ,j xNNTK pxj , ¨q , f y

“

P
ÿ

p,q“1

N
ÿ

i ,j“1

Bpu|θG
:
p,qΦ̂

t
q,i

´

Φ̂G :Φ̂t
¯:

i ,j
xNNTK pxj , ¨q , f y
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Sketch of proof III
Let us write the SVD of Φ̂ “ V∆Ut . Then

´

Φ̂G :Φ̂t
¯:

“ V∆:UtGU∆:V t and thus:

ΠK
rTθM

∇L “

P
ÿ

p“1

Bpuθe
t
pG

:U∆V tV∆:UtGU∆:V t
N

ÿ

j“1

ej xNNTK pxj , ¨q , f y

“

P
ÿ

p“1

Bpuθe
t
pU

`

UtGU
˘:

ˆ

In 0
0 0

˙

UtGU∆:V t
N

ÿ

j“1

ej xNNTK pxj , ¨q , f y

Let us write:

G̃ :“ UtGU “

ˆ

A B
Bt C

˙

,

where A P Rn,n, B P Rn,P´n and C P RP´n,P´n. If we make the ansatz B “ 0 and
f P TθM, the result holds.
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Application to PINNs
Since PINNs are essentially a quadratic regression for the model pD,Bq ˝ u, we have :

Corollary

´

du|θt ˝ dpD,Bq|uθt

¯: ´

ΠK

T̃θt Γ
∇L

¯

“ Φ̂:
y∇L,where

‚ rTθtΓ :“ SpanpNNTK p¨, xi q : pxi q1ďiďNq Ă TθM
‚ @1 ď p ď P,@1 ď i ď N, : Φ̂i ,p :“ Bp ppD,Bq ˝ uq|θ pxi q

‚ @1 ď i ď N, : y∇Li :“ ∇Lpxi q

Corollary
The Green function of the operator on the space uθ ` rTθΓ is given by:

gpx , yq :“ uθpxq `

P
ÿ

p“1

N
ÿ

i“1

BpuθpxqΦ̂:

p,i pNNTK pxi , yq ´ Druθspxi qq

22 / 33



Application to PINNs

(a) NTK (b) NNTK

Figure: Comparison of NTK and NNTK at initialization for Heat equation in 1+1 D 23 / 33



Application to PINNs

(a) NTK (b) NNTK

Figure: Comparison of NTK and NNTK at the end of optimization for Heat equation in 1+1 D 24 / 33



Experiments
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Laplace equation

metrics/l2/anagram_poisson_2d.png

(a) L2

error of
PINN
solution

metrics/loss/anagram_poisson_2d.png

(b) Test
loss of
PINN
solution

Figure: PINN solution under Anagram optimization, to Laplace equation in 2D:
#

∆u “ ´2π2 sinpπx1q sinpπx2q in r0, 1s2

u “ 0 on Br0, 1s2
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Laplace equation

metrics/l2/poisson_2d_together.png

(a) L2

error of
PINN
solution

metrics/loss/poisson_2d_together.png

(b) Test
loss of
PINN
solution

Figure: Performance comparison of Anagram and Adam optimization for Laplace equation in
2 D
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Heat equation

metrics/l2/anagram_heat.png

(a) L2

error of
PINN
solution

metrics/loss/anagram_heat.png

(b) Test
loss of
PINN
solution

Figure: PINN solution under Anagram optimization, to Heat equation in 1+1D:
$

’

&

’

%

Btu ´ 1
4Bxxu “ 0 in r0, 1s2

u “ 0 on r0, 1s ˆ t0u
Ť

r0, 1s ˆ t1u

u “ sinpπxq on t0u ˆ r0, 1s
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Heat equation

metrics/l2/heat_together.png

(a) L2

error of
PINN
solution

metrics/loss/heat_together.png

(b) Test
loss of
PINN
solution

Figure: Performance comparison of Anagram and Adam optimization for Heat equation in
1+1 D

29 / 33



Conclusion and Perspectives
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Conclusions
‚ Anagram gives a theoretically founded

simplication to any natural-gradient
algorithm lowering the complexity from
OpP3 ` P2Mq, M ą N logpNq to
OpminpPN2,P2Nqq, which is above
stochastic gradient descent only by a
factor minpP,Nq.

‚ In the case of PINNs, we prove that
natural gradient correspond to an
optimal linear update following the
Green function.

‚ Empirical results are improved by
several orders of magnitude.

‚ The SVD cut-off factor appears to be
a pivotal hyper-parameter of the
algorithm.

Perspectives
‚ Design of an optimal collocation

points procedure, coupled with SVD
cut-off factor adaptation strategy

‚ Establish theoretical connections with
classical algorithms, such as FEMs

‚ Include in this theoretical setting the
data assmilation, and understand its
regularizing effect

Next pivotal challenge is the design of an
efficient algorithm for non-linear PDEs
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Thank you for your attention !
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