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Physics informed neural networks (PINNs)
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Neural networks

Let H be a Hilbert space coumpound of

functions Q — R.

Definition

.|

A neural network is a differentiable
non-linear functional

RF — H
0 '—>U‘9

J

Universal approximation property of neural
networks (Leshno et al., 1993): if P large
enough, ujy can approximate any function

in L2(Q — R), in particular any solution to

a PDE.

PINNs in a nutshell

How to approximate such a solution?
Answer: Just as we would for any neural
network, i.e. by gradient descent (Lagaris
et al., 1998; Raissi et al., 2019). More
precisely, given the PDE:
Dlu]=f inQ
{B[u] =g onodQ’

we will optimize the loss:

€0) =55 >, (Dlul(sP) ~ F(<P))
i=1
1 & B B)?
+og 2, (Blul(P) — £(<P)
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PINNs shortcomings and drawbacks

L2 error (log scale)
Test loss (log scale)
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Step Step

(a) 12 error of PINN solution (b) Test loss of PINN solution
Figure: PINN solution under standard Adam optimization, to Laplace equation in 2D:

Au = —27?sin(mxy) sin(mxp) in [0, 1]2
u=0 on 0[0,1]?
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Natural Gradient
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Introduced by Amari and Douglas (1998) in
the context of Information Geometry. Given
aloss: £:0 — R*, the gradient descent:

Otr1 < 0 — VY,
is replaced by the update:
Orr1 < 0 — nthVE,

with Gy, the Hessian of the
Kullback-Leibler divergence. More generally
in the context of Riemannian manifolds:

Orr1 < 0 — nthVE,
with Gy, , , := Go,(Opuye,; Oquye,), the Gram

matrix of partial derivatives w.r.t a
Riemannian-(pseudo) metric Gy, .

Natural Gradient in a nutshell

Shortcomings

* Computation of the Gram matrix Gy, is
quadratic in the number of parameters.

* Inversion of Gy, is cubic
Common solutions are approximations

through Kronecker factorization (Martens
and Grosse, 2015).

We will introduce a new kind of natural
gradient that scales linearly with the
number of parameters.
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Re'nferpret'ng quadratic I_Oss A functionnal analysis perspective
Consider the loss of a classical quadratic

regression problem, with (x;) sampled from Reinterpreting natural gradient

pon € * M:=Imu={up: §eRP)
1S , * ToM :=Imduyy = Span(dpup)
=25 - 2 ug(xi) — f(xi)) In the population limit, natural gradient can
i=1 be reinterpreted as the update:
In the limit S — oo (population limit), this 001 — 0p — nd”\Tet <n#et/\/lv£|u\9t) 7

loss can be reinterpreted as the evaluation
on ug of the functional loss:

1
L(u) =3 u = FlTzq,) ;

T4 VE

Taking the Fréchet derivative : o

dﬁ‘u(h) = <U —f, h>L2(Q,u) = <V‘C|U’ h>L2(Q,u)
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Neural Tangent Kernel (NTK)
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Jacot et al. (2018) show that for an
empirical quadratic loss:
1 S
£(0) := 5 Z(UG(X/') —yi)?
i=1
the functionnal dynamic of the gradient
descent on £ can by described by:

S

du

T?(X) = — > NTKq, (x, %) (g, (x1) = i),
i=1

with: p

NTKg,(x,y) Z (9 pUjg, (x)) (0 u‘gt(y))T

p=1

NTK in a nutshell

Proposition

The functionnal dynamic of the natural
gradient descent on:
S

00) == 7(ug(x))
i=1
is described by (Rudner et al., 2019):

S

du

B0 ) = 3" NNy, ) (g, ).
i=1

with:  NNTKp,(x,y) :=
>0 (e, (x)) Gahg (Pquie,(v) "

1<p,q<P
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Some consequences

Corollary

The empirical functional dynamics takes place in the empirical tangent space:
ToM := Span (NNTKy(xi,) : (xi)i<i<n) < ToM.

Corollary

We can define an empirical natural gradient update by:

— i) 1
Oerr = 0r = duly (M5 | VL, ).
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empirical Natural Gradient (eNG)
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Reproducing Kernel Hilbert Spaces (RKHS) détour

Lemma
Any finite dimensional space H is a RKHS Remark

NNTKg is the kernel of M1, o¢. In particular

Lemma is the reproducing kernel of
If Ho := Span(u; : 1€ N) © H, then the NNTK is the reproducing kernel of Ty M.
kernel of Ny, is: for all x,y € Q Corollary
k(x,y) = Z Ui(X)GL'Uj(Y) The kernel ofﬂ 7 st for all x,y € Q
ijeN
where Gjj 1= (Ui, Uj)y,. k(X y) Z NNTKO(X X:)GGI,JNNTKO(XJ, y),
1<ij<S§
Corollary where:
The kernel of My pq is: for all x,y € Q éiJ i=(NNTKg(-, %), NNTKg(xj, )4,
k(x,y) = D Opug(x)Gob g0quia(y), = NNTKy(xi, x))
1<p,q<P

where Gp o 1= <8PU|9, aqu|9>H.
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An empirical Natural Gradient computation : ANaGRAM

Theorem (ANaGRAM)

Under mild assumptions, the
empirical natural gradient update:

_ e
es1 = Oc—n dufy (nfgtquuwt) ,

does not require to estimate a Gram
matrix. More precisely, we have:

t (oL _ =3
duf, (nfgt MWMet) — 3} VLo,

where: for all1< p< P,1<i<S$

® ¢9ti,p = apu|9t(Xi)

O ﬁGti = V£|u‘9t (X,')

~

Remark
The pseudoinverse ngbz,t can be computed
with a SVD. In particular the complexity of
the empirical natural gradient update is
O(min(PS2, P2S)), which has to be
compared with:

® O(PS) for classical gradient update.

* O(P3) for classical natural gradient
update.

Corollary
There exist P points (X;) such that:
1 L
I_I:I\_GMV[«‘UW =5 I_ITQMV‘C|U|9‘
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Application to PINNs

15/40



PINNs are a quadradic regression problem

The only difference between the losses:
Sp

€0) =55 3. (DlwlP) ~ FxP))

and:
1 S 2
6(9) = g Z (UG(XI) - f(XI))
i=1

is the use of the differential operator D
and the boundary operator B.

Proposition
PINNSs are a classical quadradic regression
problem with model:

L*(Q — R, ) x
(D, B)ou : R — # [2(6Q — R, 0)
0 = uy = (D]up],B[up])
In the same way:
*:=Im((D,B)ou) =
{(D[up] . B[up]) : 0 R}

* Tyl :==Imd((D,B)o u)|0 =

Span <<d|u9D [aqu] ,d|u‘gB [apuw]):_l)
° Vﬁ‘ule = (D [U‘g] —f,B [U|9] _g)
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Natural Gradient for PINNs

(f,9)

Da
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Natural Gradient for PINNs
In the population limit, the natural gradient of PINNs is the update:
9t+1 <« 91: - nd((D, B) o U)ret <|_|J7_'6tFVE|u‘9t>
Corollary
The kernel of M1 is: for all x,y € (Q x 69)2

NNTKg(x,y) = . 0p(D,B) [up] (x)Gg},404(D, B) [ug] ()
1<p,q<P

= >, (%D[upe] (x1),05B [ug] (x2)) Gobq (0gD [ua] (1), 04B [upp] (12)) ,

1<p,q<P

where for all 1 < p,g < P

Gop.q :=<0p(D, B) [“\9] , 0q(D, B) [”I9]>L2(QHR,N)XL2(aQHR,U)
:<6PD [u|9] ; 0gD [U\G]>L2(Q_>R,u) + <aPB [U‘g] , 0gB [u|9]>L2(aQ_>R,g)'

18 /40



Natural Gradlent for PINNs

(a) NTK

(b) NNTK
Figure: Comparison of NTK and NNTK at initialization for Heat equation in 1+1D



Natural Gradient for PINNS
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(b) NNTK
Figure: Comparison of NTK and NNTK at the end of optimization for Heat equation in7:1+17:D20/40
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Corollary empirical Natural Gradient and ANaGRAM for PINNs

The kernel of M= _ is: for all x,y € (Q x 00)?
k(x y)= >, NNTKy(x, x,)Ge,J/\//\/TK(,(xJ, y), where

1<ij<S§

Theorem (ANaGRAM for PINNs)
Under mild assumptions, the empirical natural gradient update:

Bes1 — 0c—n d((D, B)ou)l, (”%trwlu@ :
does not require to estimate a Gram matrix. More precisely, we have:

il _ o,
d((D, B) o u)w (N4 VL, ) = 8, VLo,
where: for all<p<P,1<i<S$S
® G0, = (%D [“wt] (xi1), 5 B [uj,] (xi2))
O VL:QH- = Vﬁ|u|0t (X,')

J
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Natural Gradient and Green's function

Definition (Green's function of D)

A Green'’s function is any kernel function g : Q x Q — R such that the operator:
R:feD[H]— (X €eQ— J g(x,s)f(s)u(ds)) eH
Q
verifies the equation: D o R = Ipy

Definition (generalized Green's function of D on Ho < H)

A generalized Green's function is any kernel function g : Q x Q — R such that the
operator:

: 2(Q — — | x — X
R:fel*(Q—>R,pu) < e ng( ,s)f(s)u(ds))e?—[

. . _nl
verifies the equation: Do R = I'ID[HO]
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Natural Gradient and Green's function

Proposition ~
The Right-inverse operator of the operator D on the space ug + Tyl [resp. ug + Tyl] is
given by:
R:fel2(Q—R ) ug+ Lg(-,s)(f(s) — D [uy] (s))u(ds)
where g is the Green's function:
eOnug+ Tyl 1 g(x,y) := Z 0 u|9 apqa D [U‘g] (y)

1<p,q<P

«On up + Tyl g(x,y) = Z Z Opuj(x AZ ’I.NNTK(;(X,-,y)
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Natural Gradient and Green's function

g, VL

Figure: Illustration of PINNs learning process under natural gradient, as successive applications
of Green's function
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Experiments
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2D Laplace equation
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Figure: Performance comparison w.r.t running step for Laplace equation in 2 D:

Au = —272sin(mxy) sin(mxp) in [0,1]2
u=0 on 0[0,1]?
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2D Laplace equation
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Figure: Performance comparison w.r.t running time for Laplace equation in 2 D:

Au = —272sin(mxy) sin(mxp) in [0,1]2
u=0 on 0[0,1]?
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141D Heat equation
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Figure: Performance comparison w.r.t running step for Heat equation in 1+1D:

Otu — 20u =0 in [0,1]?
u=0 on [0,1] x {0,1}
u = sin(mx) on {0} x [0,1]
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141D Heat equation
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Figure: Performance comparison w.r.t running time for Heat equation in 14+1D:

Oty — 20u =0 in [0,1]?
u=0 on [0,1] x {0,1}
u = sin(mx) on {0} x [0,1]
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5D Laplace equation
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Figure: Performance comparison w.r.t running step for Laplace equation in 5D:

Au =725 _ sin(mx) inQ=][0,1]°
u=,_, sin(mxy) on 09

30/40



5D Laplace equation
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Figure: Performance comparison w.r.t running time for Laplace equation in 5D:

Au =725 _ sin(mx) inQ=][0,1]°
u=,_, sin(mxy) on 09
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Figure:
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1+1 D Allen-Cahn equation
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Performance comparison w.r.t running step for Allen-Cahn equation in 14+1D:

Oru—10730hu—5(u—0uv®) =0 inQ=][0,1] x [-1,1]
u= -1 on aQborder = [07 1] X {_17 1}

u(0, x) = x2 cos(mx) on 0Qp = {0} x [-1,1]
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1+1 D Allen-Cahn equation
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Figure: Performance comparison w.r.t running time for Allen-Cahn equation in 1+1D:

Oru—10"30hu—5(u—0uv®) =0 inQ=][0,1] x [-1,1]
u=-—1 on aQborder = [07 1] X {_17 1}
u(0, x) = x? cos(7x) on 0Qy = {0} x [-1,1]

33/40



in 1+1D:

2 error of PINN solution

Burgers equation
(a) True solution proﬁle (c) PINN's solution proflle
Figure: PINN’s solution under Adam (15k steps) + L-BFGS (15k) steps for Burgers equation

Ort + uOxu = vOxu in [0,1] x [—1,1]
u=0 on [0,1] x {-1,1}
u = —sin(mx) on {0} x [—1,1]

[m]
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Burgers equation

(a) True solution proﬁle 2 error of PINN solution (c) PINN's solution proflle

Figure: PINN’s solution under Anagram (500 steps) for Burgers equation in 1+1D:

Ort + uOxu = vOxu in [0,1] x [—1,1]
u=0 on [0,1] x {-1,1}
u = —sin(mx) on {0} x [-1,1]
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Conclusion and Perspectives
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Conclusions

® Anagram gives a theoretically founded
simplication to any natural-gradient
algorithm lowering the complexity from
O(P?) to O(min(PN?, P2N)), which
is above stochastic gradient descent
only by a factor min(P, N).

In the case of PINNs, we prove that
natural gradient correspond to an
optimal linear update following the
Green's function.

Empirical results are improved by
several orders of magnitude.

The SVD cut-off factor appears to be
a pivotal hyper-parameter of the
algorithm.

Perspectives

Design of an optimal collocation
points procedure, coupled with SVD
cut-off factor adaptation strategy.

Establish theoretical connections with
classical algorithms, such as FEMs,
FDMs, etc.

Include data assmilation in this
theoretical setting, and understand its
regularizing effect.

Include common optimization
techniques (e.g. Momentum)

Extend to order 2 methods
Extend it to Operator learning
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Thank you for your attention !
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