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Physics informed neural networks (PINNs)
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PINNs in a nutshell

Problem statement
We aim to solve:

D(u)=fel?(Q—R,u) inQ
B(u) = geL?(0Q - R,0) ondQ’
PINNs key idea

Optimize a neural network ujg on the loss:

Problem
This leads to low accuracy with SGD.
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Figure: PINN solution under standard Adam

using autodiff to compute D, B (Raissi e -<ne
optimization, to Laplace equation in 2D.

et al., 2019).
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Why does it work so bad ?
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Intuition from NTK

Why does it work so bad ?

Intuition from Fourier

Consider the Fourier partial series:

Cl=NNI — 12([o,1])
Sy :
(o)

N

—

Z ake2i7rkx .
k=—N

S singular values are all 1 (perfect

conditionning of the spectrum). BUT:

Figure: NTK for Laplace equation.

A[Sn] spectrum is {472k% 11 < k < N}

Conclusion: Differential operators
strongly impact the spectral condition.
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Natural Gradient
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Reinterpreting quadratic loss A functional geometry perspective

Consider the loss of a classical quadratic

regression problem, with batch (x;): Natural gradient in functional space

S The functional space is constrained to:
10) = 5¢ 3 (wolx) — () * Mi=Imu = {ug : 6¢RP)

i=1 * ToM :=Imdujg = Span(dpus)
e 1 , The Natural Gradient is then defined as:
(0) "=" L(wg); L(u) =3 [u—flizq) Oci1 < 0 —ndufy (n#etMVE\uwt) 7

In the population limit:

This yields the Fréchet derivative:

dﬁ|u(h) =u— f, h>L2(Q)7

VL,

e

and thus the gradient flow:
ug € Lz(Q) .
l..lt:—vt‘ut:f—ut )

Solution: u; = f — e *(ug — f).

Ve
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Reproducing Kernel Hilbert Spaces (RKHS) détour

Definition-Proposition

An Hilbert space H of functions

Q — R is a RKHS if and only if the
following equivalent conditions are

met:
@ There exist a function
k: Q x Q — R such that:

® H = Span (k(x,-) : x€ Q)
o Ck(x,) s k(y, )3 = k(x,y)
® for all x € Q, the evaluation
form e, : f e H — f(x) is
continuous.

Proposition
Any finite dimensional space H is a RKHS

Proposition
If H := Span(u; : i € N), is an RKHS, then
its kernel is given by: for all x,y € Q
k(xy) = 3 uil)Glu(y)
ijeN
where Gjj == (u;, uj),,.

Proposition
If H > Ho is an RKHS with kernel k, then
the orthogonal projection I'I%_[0 onto Hg is
given by:

M3, (F)(x) = Ck(x,-), g
Remark
Applying to Ho = TyM, we get natural
gradient.
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Kernel and computational perspective

Definition-Proposition (Schwencke and Furtlehner (2025))

The Natural Neural Tangent Kernel (NNTK) is the kernel of the projection
Ny 2 L2(Q) — L2(Q) onto TeM. It is given by the formula:

NNTKg(x,y) := 2 (8pu‘9(x)) Ggpq (aquw(y))t; Gop,q :=<6PU|9, aqU|9>L2(Q).
1<p,q<P
Corollary

The Natural Gradient update rewrites: 0¢11 «— 0 — 1 thVE(Ht); £(0) := L(ujp).

Shortcomings
* Computation of the Gram matrix Gy, is quadratic in the number of parameters.

* Inversion of Gy, is cubic

We introduce a the empirical Natural Gradient that scales linearly with the
number of parameters.
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empirical Natural Gradient
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(N)NTK in a nutshell

The functionnal dynamic of (N)GD on the
empirical loss ¢ is described by (Jacot et al.,
2018; Rudner et al., 2019):

S

due,
T == W)

NTK g, (x, xi) (ujg,(xi) — i),

Key ldea
The empirical dynamics takes place in:

ToM := Span (NNTKg(x;, ") :
We can define the empirical Natural Gradient:
Bei1 = 0 — ndufy (rl VL e, ) .

Byproduct
Yields an optimal criterion for (x;) choice:

(Xi)léiéN)-

(xi)* = argmin
(x/)eQS

I'IA<X

)MV£|U\9t - VE‘UWt L2

empirical Natural Gradient

Theorem (ANaGRAM)

Under mild assumptions:

dufy, ( vquw) — 8.V LZe,,
with: foralll <P 1<i<$
¢9t,p 0 U|ot(X:)
. Vﬁgt, 1= VL, (xi)
Key fact

QASLt can be computed with a SVD,
with complexity O( min(PS?, P2S)).

Corollary
There exist P points (X;) such that:
1L 1
MVE‘“IG - HTGMVEMG‘
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Application to PINNs
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Key remark PINNs are a quadradic regression problem
The only difference between the losses: Natural Gradient of PINNs

7 1 & D D 2
l0.6(0) :==5= >, (Dlupl P) — F(P)) " | |
D i Figure: lllustration of PINNs Natural Gradient
Sp

and 7(6) = 55 371 (o (xi) — ()’
is the use of the operators D and B.
Proposition

PINNSs are a quadradic regression
problem with model: (D, B) o u:

L*(Q — R, ) x
I?(0Q — R, 0)
0 = ug — (D[up] Bluse])

RPF —
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Natural Gradient and Green's function

Definition (Green's function of D)

A Green’s function is any kernel function g : Q x Q — R such that the operator:
R:feD[H]— (xe Q— f g(x,s)f(s)u(ds)) eH
Q
verifies the equation: D o R = Ipy

Definition (generalized Green's function of D on Ho < H)

A generalized Green's function is any kernel function g : Q x Q — R such that the
operator:

R:fel?Q—R,u) — (x €eQw— Lg(x, s)f(s)u(ds)) eH

- — —nt
verifies the equation: Do R = I'ID[HO]
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Natural Gradient and Green's function

Theorem

Let D : H — L*(Q — R, u) be a linear differential operator and u: RP — H a
parametric model. Then for all @ € RY, the generalized Green's function of D on
ToM = Im duyg is given by: for all x,y € Q

EToM(X,y) i= Z (3pu|9(x) G;,qan[U\a](Y),
1<p,q<P

with: for all1 < p,g <P

Gpq = <6PD[U\9] ) an[uwDLz(Q”R:“) ‘

In particular, the natural gradient of PINNs can be rewritten:

Or11— 60— durgt (X €Qm— L gTQtM(Xa)’)V£|0t()/)M(d)’)> :
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Experiments
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Experiments

2D Laplace equation 141 D Heat equation

Test loss

10! 107 100

o 10 100 10 107 100 100
Running time (s) Running time (s) Running time (s)
—— ANaGRAM  — Adam ENGD — GD LBFGS

100

100

10t 10
Running time (s)

— e — M — G — el
Figure: Performance comparison w.r.t running

Figure: Performance comparison w.r.t running
time for Heat equation in 1+1D:

time for Laplace equation in 2 D:

Au = —272sin(mxq) sin(mx2) in [0,1]? Ortt = 3000 =0 in [0,1]?
u=0 on 00, 1]2 u=0 on [0,1] x {0, 1}
u = sin(mx) on {0} x [0,1]
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Experiments

5D Laplace equation 1+1D Allen-Cahn equation
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Figure: Performance comparison w.r.t running Figure: Performance comparison w.r.t running
time for Laplace equation in 5 D: time for Allen-Cahn equation in 14+1D:
Au =72 Zi=1 sin(mx,) in Q=1[0,1]° |[0eu— 1073 0u=5u—0v*) inQ=[0,1] x [-1,1]
on 09, = [0,1] x {—1,1}

u=7_, sin(mx) on 09 u=-1
u(0, x) = x2 cos(mx) on 0Qy = {0} x [—1,1]
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NTK VS NNTK of PINNs

Figure: Comparison of NTK and NNTK at initialization for Heat equation in 1+1D
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NTK VS NNTK of PINNs
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Figure: Comparison of NTK and NNTK at the end of optimization for Heat equation in
1+1D 21/31




Conclusion and Perspectives
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Conclusions Perspectives

® Anagram gives a theoretically founded * Design of an optimal collocation

simplication to any natural-gradient
algorithm lowering the complexity from
O(P?) to O(min(PN?, P2N)), which
is above stochastic gradient descent
only by a factor min(P, N).

In the case of PINNs, we prove that
natural gradient correspond to an
optimal linear update following the
Green's function.

Empirical results are improved by
several orders of magnitude.

The SVD cut-off factor appears to be
a pivotal hyper-parameter of the
algorithm.

points procedure, coupled with SVD
cut-off factor adaptation strategy.

Establish theoretical connections with
classical algorithms, such as FEMs,
FDMs, etc.

Include data assmilation in this
theoretical setting, and understand its
regularizing effect.

Include common optimization
techniques (e.g. Momentum)

Extend it to Operator learning

Application to HJB equation and
control
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lllustration of natural gradient dynamics

Figure: Illustration of PINNs learning process under natural gradient, as successive applications
of Green's function

25/31



Reinterpreting ANaGRAM optimal criterion

Remark

s 2
i) = N, VL, —VL = f Ky(xi,") — VL
()" = argrin |V Ltuo =V Etue |, = Emin inf, | ), Ko ) = Vg |
Consequence

(xi)* can be “learned” by the minimization through natural gradient descent of
Q° xR° — L%2(Q—R,pu)
U s
((xi)s@) = X aiKy(xi,-)
i=1
Even better: closed form formulas exist !

Proposition
b 0al.u ,VE =1 V,C Xj) >~
. <6a,-uo,6ajue> = Ko(xi, %)) <V[,(x9,-) ’ oMV £0x)
° <8X[ug, aajU9> = OlialKa(Xi,Xj) ° <&X;U07V»C> _ ai”Tng'C,(Xi) ~
* (Oxup, Ox g ) = ;0201 Ky (xi, Xj) ;. a; VL (x;)
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First results for collocation learning in Fourier space
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Natural Gradient for PINNs

In the population limit, the natural gradient of PINNs is the update:
Oi11 < 0 — nd((Da B)ou )|9 (I_ITg FV‘Clu\e )

Corollary
The kernel ofI'ITBr is: for all x,y € (Q x 09Q)?

NNTKg(x,y) = >, 35(D,B)[ug] (x)Go} 404(D, B) [ug] (¥)

1<p,g<P

= D, (%D [ue] (a), 9B [up] (x2)) Ga}q (9D [ujo] (v1): 94B [ue] (v2))

1<p,g<P

where for all1 < p,g < P

Gop,q :={0p(D,B) [up] , %(D, B) [”I9]>L2(Q_>R,#)xL2(aQ_>R,U)
= (0D [up] , 34D [”I9]>L2(Q_>R,“) +{0pB [up] , 04B [“I9]>L2(aQ_>R,g) :
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Corollary empirical Natural Gradient and ANaGRAM for PINNs

The kernel of M+ - is: for all x,y € (2 x 0Q)?

k(x y)= D, NNTKg(x, x,)Gg,JNNTKg(xJ, y), where
1<ij<S

Theorem (ANaGRAM for PINNs)
Under mild assumptions, the empirical natural gradient update:
011 0:—n d((Da B)o “)|9 (nl v£|u|e ) )
does not require to estimate a Gram matrix. More precisely, we have:
N o
d((D, B) o u)|0 (n Vﬁ\um) = 3. VL.,
where: for alll1<p<P,1<i<$
(bgtl p (a D [U|9 ] (Xi1)7 aPB [u|9t] (Xi2))
L V,Cg“- = VE‘UWI‘ (X,')
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in 1+1D:

2 error of PINN solution

Burgers equatlon
(a) True solution proflle

Ot + UOxU = VO U

(c) PINN's solution proflle
Figure: PINN's solution under Adam (15k steps) + L-BFGS (15k) steps for Burgers equation
u=0

in [0,1] x [~1,1]
on [0,1] x {-1,1}
u = —sin(mx) on {0} x [-1,1]
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Burgers equation

(a) True solution proflle ) L? error of PINN solution (c) PINN's solution proflle

Figure: PINN’s solution under Anagram (500 steps) for Burgers equation in 1+1D:

O + udyu = vdyu in [0,1] x [—1,1]
u=0 on [0,1] x {-1,1}
u = —sin(mx) on {0} x [—1,1]
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