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Physics informed neural networks (PINNs)
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PINNs in a nutshellProblem statement
We aim to solve:

#

Dpuq “ f P L2pΩ Ñ R, µq inΩ

Bpuq “ g P L2pBΩ Ñ R, σq on BΩ
.

PINNs key idea
Optimize a neural network u|θ on the loss:

pℓD,Bpθq :“
1

2SD

SD
ÿ

i“1

´

Dru|θspxDi q ´ f pxDi q

¯2

`
1

2SB

SB
ÿ

i“1

´

Bru|θspxBi q ´ gpxBi q

¯2
,

using autodiff to compute D,B (Raissi
et al., 2019).

Problem
This leads to low accuracy with SGD.

Figure: PINN solution under standard Adam
optimization, to Laplace equation in 2 D.
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Why does it work so bad ?
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Why does it work so bad ?
Intuition from NTK

Figure: NTK for Laplace equation.

Intuition from Fourier
Consider the Fourier partial series:

SN :

$

&

%

Crr´N,Nss Ñ L2pr0, 1sq

pαkq ÞÑ
N
ř

k“´N

αke
2iπkx .

SN singular values are all 1 (perfect
conditionning of the spectrum). BUT:

∆rSN s spectrum is t4π2k2 : 1 ď k ď Nu

Conclusion: Differential operators
strongly impact the spectral condition.
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Natural Gradient
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A functional geometry perspectiveReinterpreting quadratic loss
Consider the loss of a classical quadratic
regression problem, with batch pxi q:

pℓpθq :“
1
2S

S
ÿ

i“1

`

u|θpxi q ´ f pxi q
˘2

.

In the population limit:

pℓpθq
SÑ8
Ñ Lpu|θq ; Lpuq :“

1
2

}u ´ f }
2
L2pΩq

This yields the Fréchet derivative:
dL|uphq “ xu ´ f

∇L|u

, hyL2pΩq,

and thus the gradient flow:
#

u0 P L2pΩq

9ut “ ´∇L|ut “ f ´ ut
.

Solution: ut “ f ´ e´tpu0 ´ f q.

Natural gradient in functional space
The functional space is constrained to:

‚ M :“ Im u “ tuθ : θ P RPq

‚ TθM :“ Im du|θ “ SpanpBpuθq

The Natural Gradient is then defined as:

θt`1 Ð θt ´ η du:

|θt

´

ΠK
TθtM

∇L|u|θt

¯

,
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Reproducing Kernel Hilbert Spaces (RKHS) détour

Definition-Proposition
An Hilbert space H of functions
Ω Ñ R is a RKHS if and only if the
following equivalent conditions are
met:

1 There exist a function
k : Ω ˆ Ω Ñ R such that:

‚ H “ Span pkpx , ¨q : x P Ωq

‚ xkpx , ¨q , kpy , ¨yH “ kpx , yq

2 for all x P Ω, the evaluation
form ex : f P H ÞÑ f pxq is
continuous.

Proposition
Any finite dimensional space H is a RKHS

Proposition
If H :“ Spanpui : i P Nq, is an RKHS, then
its kernel is given by: for all x , y P Ω

kpx , yq “
ÿ

i ,jPN

ui pxqG :

i ,jujpyq

where Gij :“ xui , ujyH.

Proposition
If H Ą H0 is an RKHS with kernel k , then
the orthogonal projection ΠK

H0
onto H0 is

given by:
ΠK
H0

pf qpxq “ xkpx , ¨q , f yH
Remark
Applying to H0 “ TθM, we get natural
gradient.
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Kernel and computational perspective
Definition-Proposition (Schwencke and Furtlehner (2025))
The Natural Neural Tangent Kernel (NNTK) is the kernel of the projection
ΠTθM : L2pΩq Ñ L2pΩq onto TθM. It is given by the formula:

NNTKθpx , yq :“
ÿ

1ďp,qďP

`

Bpu|θpxq
˘

G :

θpq

`

Bqu|θpyq
˘t

; Gθp,q :“
@

Bpu|θ , Bqu|θ

D

L2pΩq
.

Corollary
The Natural Gradient update rewrites: θt`1 Ð θt ´ η G :

θt
∇ℓpθtq; ℓpθq :“ Lpu|θq.

Shortcomings
‚ Computation of the Gram matrix Gθt is quadratic in the number of parameters.
‚ Inversion of Gθt is cubic

We introduce a the empirical Natural Gradient that scales linearly with the
number of parameters.
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empirical Natural Gradient
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empirical Natural Gradient(N)NTK in a nutshell
The functionnal dynamic of (N)GD on the
empirical loss pℓ is described by (Jacot et al.,
2018; Rudner et al., 2019):

duθt
dt

pxq “ ´

S
ÿ

i“1

pNqNTKθt
px , xi qpu|θt pxi q´yi q,

Key Idea
The empirical dynamics takes place in:

pTθM :“ Span
`

NNTKθpxi , ¨q : pxi q1ďiďN

˘

.

We can define the empirical Natural Gradient:

θt`1 “ θt ´ η du:

|θt

´

ΠK
pTθtM

∇L|u|θt

¯

.

Byproduct
Yields an optimal criterion for pxi q choice:

pxi q
‹ “ argmin

pxi qPΩS

›

›

›

›

ΠK

pT
pxi q

θ,K M
∇L|u|θt

´ ∇L|u|θt

›

›

›

›

L2

Theorem (ANaGRAM)
Under mild assumptions:

du:

|θt

´

ΠK
pTθtM

∇L|u|θt

¯

“ pϕ:

θt
y∇Lθt ,

with: for all 1 ď p ď P, 1 ď i ď S

‚ pϕθt i ,p :“ Bpu|θt pxi q

‚ y∇Lθt i :“ ∇L|u|θt
pxi q

Key fact
ϕ̂:

θt
can be computed with a SVD,

with complexity O
`

minpPS2,P2Sq
˘

.
Corollary
There exist P points px̂i q such that:

ΠK
pTθM

∇L|u|θ
“ ΠK

TθM∇L|u|θ
.
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Application to PINNs
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PINNs are a quadradic regression problemKey remark
The only difference between the losses:

pℓD,Bpθq :“
1

2SD

SD
ÿ

i“1

´

Dru|θspxDi q ´ f pxDi q

¯2

`
1

2SB

SB
ÿ

i“1

´

Bru|θspxBi q ´ gpxBi q

¯2
,

and pℓpθq :“ 1
2S

řS
i“1

`

u|θpxi q ´ f pxi q
˘2

is the use of the operators D and B .
Proposition
PINNs are a quadradic regression
problem with model: pD,Bq ˝ u :
$

’

&

’

%

RP Ñ H Ñ
L2pΩ Ñ R, µqˆ

L2pBΩ Ñ R, σq

θ ÞÑ u|θ ÞÑ
`

D
“

u|θ

‰

,B
“

u|θ

‰˘

Natural Gradient of PINNs

Figure: Illustration of PINNs Natural Gradient
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Natural Gradient and Green’s function

Definition (Green’s function of D)
A Green’s function is any kernel function g : Ω ˆ Ω Ñ R such that the operator:

R : f P D rHs ÞÑ

ˆ

x P Ω ÞÑ

ż

Ω
gpx , sqf psqµpdsq

˙

P H

verifies the equation: D ˝ R “ IDrHs

Definition (generalized Green’s function of D on H0 Ă H)
A generalized Green’s function is any kernel function g : Ω ˆ Ω Ñ R such that the
operator:

R : f P L2pΩ Ñ R, µq ÞÑ

ˆ

x P Ω ÞÑ

ż

Ω
gpx , sqf psqµpdsq

˙

P H

verifies the equation: D ˝ R “ ΠK
DrH0s
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Natural Gradient and Green’s function
Theorem
Let D : H Ñ L2pΩ Ñ R, µq be a linear differential operator and u : RP Ñ H a
parametric model. Then for all θ P RP , the generalized Green’s function of D on
TθM “ Im du|θ is given by: for all x , y P Ω

gTθMpx , yq :“
ÿ

1ďp,qďP

Bpu|θpxqG :
p,qBqDru|θspyq,

with: for all 1 ď p, q ď P

Gpq :“
@

BpDru|θs , BqDru|θs
D

L2pΩÑR,µq
.

In particular, the natural gradient of PINNs can be rewritten:

θt`1 Ð θt ´ η du:

|θt

ˆ

x P Ω ÞÑ

ż

Ω
gTθtMpx , yq∇L|θt pyqµpdyq

˙

,
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Experiments
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Experiments
2D Laplace equation

Figure: Performance comparison w.r.t running
time for Laplace equation in 2 D:
#

∆u “ ´2π2 sinpπx1q sinpπx2q in r0, 1s2

u “ 0 on Br0, 1s2

1+1D Heat equation

Figure: Performance comparison w.r.t running
time for Heat equation in 1+1D:

$

’

&

’

%

Btu ´ 1
4Bxxu “ 0 in r0, 1s2

u “ 0 on r0, 1s ˆ t0, 1u

u “ sinpπxq on t0u ˆ r0, 1s
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Experiments
5D Laplace equation

Figure: Performance comparison w.r.t running
time for Laplace equation in 5 D:
#

∆u “ π2 ř5
k“1 sinpπxkq in Ω “ r0, 1s5

u “
ř5

k“1 sinpπxkq on BΩ

1+1D Allen-Cahn equation

Figure: Performance comparison w.r.t running
time for Allen-Cahn equation in 1+1 D:

$

’

&

’

%

Btu ´ 10´3 Bxxu “ 5pu ´ u3q in Ω “ r0, 1s ˆ r´1, 1s

u “ ´1 on BΩb “ r0, 1s ˆ t´1, 1u

up0, xq “ x2 cospπxq on BΩ0 “ t0u ˆ r´1, 1s
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NTK vs NNTK of PINNs

(a) NTK (b) NNTK

Figure: Comparison of NTK and NNTK at initialization for Heat equation in 1+1D
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NTK vs NNTK of PINNs

(a) NTK (b) NNTK

Figure: Comparison of NTK and NNTK at the end of optimization for Heat equation in
1+1 D 21 / 31



Conclusion and Perspectives
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Conclusions
‚ Anagram gives a theoretically founded

simplication to any natural-gradient
algorithm lowering the complexity from
OpP3q to OpminpPN2,P2Nqq, which
is above stochastic gradient descent
only by a factor minpP,Nq.

‚ In the case of PINNs, we prove that
natural gradient correspond to an
optimal linear update following the
Green’s function.

‚ Empirical results are improved by
several orders of magnitude.

‚ The SVD cut-off factor appears to be
a pivotal hyper-parameter of the
algorithm.

Perspectives
‚ Design of an optimal collocation

points procedure, coupled with SVD
cut-off factor adaptation strategy.

‚ Establish theoretical connections with
classical algorithms, such as FEMs,
FDMs, etc.

‚ Include data assmilation in this
theoretical setting, and understand its
regularizing effect.

‚ Include common optimization
techniques (e.g. Momentum)

‚ Extend it to Operator learning
‚ Application to HJB equation and

control
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Illustration of natural gradient dynamics

Figure: Illustration of PINNs learning process under natural gradient, as successive applications
of Green’s function
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Reinterpreting ANaGRAM optimal criterion
Remark

pxi q
‹ “ argmin

pxi qPΩS

›

›

›

›

ΠK

pT
pxi q

θ,K M
∇L|u|θt

´ ∇L|u|θt

›

›

›

›

L2
“ argmin

pxi qPΩS

inf
αPRS

›

›

›

›

›

S
ÿ

i“1

αiKθpxi , ¨q ´ ∇L|u|θt

›

›

›

›

›

2

L2

Consequence
pxi q

‹ can be “learned” by the minimization through natural gradient descent of

u :

$

&

%

ΩS ˆ RS Ñ L2pΩ Ñ R, µq

`

pxi q, α
˘

ÞÑ
S
ř

i“1
αiKθpxi , ¨q

Even better: closed form formulas exist !

Proposition
‚

@

Bαiuθ, Bαjuθ
D

“ Kθpxi , xjq

‚
@

Bxiuθ, Bαjuθ
D

“ αiB1Kθpxi , xjq

‚
@

Bxiuθ, Bxjuθ
D

“ αiB2B1Kθpxi , xjqαj .

‚ xBαiuθ,∇Ly “ ΠTθM∇Lpxi q »

∇Lpxi q

‚ xBxiuθ,∇Ly “ αiΠTθM∇L1pxi q »

αi∇L1pxi q
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First results for collocation learning in Fourier space

Figure: Points learning dynamic

Figure:
›

›

›

›

ΠK

pT
pxi q

θ,K M
∇L|u|θt

´ ∇L|u|θt

›

›

›

›

L2
wrt pxi q

learning steps
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Natural Gradient for PINNs
In the population limit, the natural gradient of PINNs is the update:

θt`1 Ð θt ´ η d
`

pD,Bq ˝ u
˘:

|θt

´

ΠK
Tθt Γ

∇L|u|θt

¯

Corollary
The kernel of ΠTθΓ is: for all x , y P pΩ ˆ BΩq

2

NNTKθpx , yq “
ÿ

1ďp,qďP

BppD,Bq
“

u|θ

‰

pxqGθ
:
p,qBqpD,Bq

“

u|θ

‰

pyq

“
ÿ

1ďp,qďP

`

BpD
“

u|θ

‰

px1q, BpB
“

u|θ

‰

px2q
˘

Gθ
:
p,q

`

BqD
“

u|θ

‰

py1q, BqB
“

u|θ

‰

py2q
˘

,

where for all 1 ď p, q ď P

Gθp,q :“
@

BppD,Bq
“

u|θ

‰

, BqpD,Bq
“

u|θ

‰D

L2pΩÑR,µqˆL2pBΩÑR,σq

“
@

BpD
“

u|θ

‰

, BqD
“

u|θ

‰D

L2pΩÑR,µq
`

@

BpB
“

u|θ

‰

, BqB
“

u|θ

‰D

L2pBΩÑR,σq
.
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empirical Natural Gradient and ANaGRAM for PINNsCorollary
The kernel of Π

pTθΓ
is: for all x , y P pΩ ˆ BΩq

2

pkpx , yq “
ÿ

1ďi ,jďS

NNTKθpx , xi q pGθ
:

i ,jNNTKθpxj , yq, where

Gθ i ,j :“ xNNTKθp¨, xi q , NNTKθpxj , ¨qyL2pΩÑR,µqˆL2pBΩÑR,σq
“ NNTKθpxi , xjq

Theorem (ANaGRAM for PINNs)
Under mild assumptions, the empirical natural gradient update:

θt`1 Ð θt ´ η d
`

pD,Bq ˝ u
˘:

|θt

´

ΠK
pTθt Γ

∇L|u|θt

¯

,

does not require to estimate a Gram matrix. More precisely, we have:

d
`

pD,Bq ˝ u
˘:

|θt

´

ΠK
pTθt Γ

∇L|u|θt

¯

“ pϕ:

θt
y∇Lθt ,

where: for all 1 ď p ď P, 1 ď i ď S
‚ pϕθt i ,p :“

`

BpD
“

u|θt

‰

pxi 1q, BpB
“

u|θt

‰

pxi 2q
˘

‚ y∇Lθt i :“ ∇L|u|θt
pxi q

29 / 31



Burgers equation

(a) True solution profile (b) L2 error of PINN solution (c) PINN’s solution profile

Figure: PINN’s solution under Adam (15k steps) + L-BFGS (15k) steps for Burgers equation
in 1+1 D:

$

’

&

’

%

Btu ` uBxu “ νBxxu in r0, 1s ˆ r´1, 1s

u “ 0 on r0, 1s ˆ t´1, 1u

u “ ´sinpπxq on t0u ˆ r´1, 1s
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Burgers equation

(a) True solution profile (b) L2 error of PINN solution (c) PINN’s solution profile

Figure: PINN’s solution under Anagram (500 steps) for Burgers equation in 1+1 D:
$

’

&

’

%

Btu ` uBxu “ νBxxu in r0, 1s ˆ r´1, 1s

u “ 0 on r0, 1s ˆ t´1, 1u

u “ ´sinpπxq on t0u ˆ r´1, 1s
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