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FrameworkProblem statement
We aim to solve:

#

Dpuq “ f P L2pΩ Ñ R, µq inΩ

Bpuq “ g P L2pBΩ Ñ R, σq on BΩ
,

with D self adjoint. To keep it simple,
D “ ∆, B trace operator and g “ 0.

Two notions of solutions
Strong solution : u such that

ż

Ω
|∆rus ´ f |

2
“ 0

Weak solution : u such that @v P C8
c pΩq

ż

Ω
∆u v “

ż

Ω
f v

In which spaces live the solutions ?

H1
0pΩq space

Note that: @v P C8
c pΩq

ż

Ω
∆u v “

ż

Ω
x∇u , ∇vyRdimpΩq

Completing C8
c pΩq w.r.t this inner product

yields H1
0pΩq, in which weak solutions live.

Lemma (Poincaré)
O1 : u P H1

0pΩq ÞÑ u P L2pΩq is continuous.

H1
0pΩq X H2

pΩq space
H2pΩq: max space containing C8pΩq s.t:

‚ O2 : u P H2pΩq ÞÑ u P L2pΩq

continuous.
‚ ∆ : H2pΩq Ñ L2pΩq continuous.

Strong solutions lives in H1
0pΩq X H2pΩq.
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Numerical approximationsGalerkin approach
Choose pvkq P H1

0pΩqN and approximate a
weak solution by solving the linear system:
for all 1 ď i , j ď N

xvi , vjyH1
0pΩq

“ xvi , f yL2pΩq . (1)

Yields a solution uN P HNpΩq:

uN :“
N

ÿ

k“1

αkvk ,

with α a solution to eq. (1) and
HNpΩq :“ Spanpvk : 1 ď k ď Nq.

Lemma
If u P H1

0pΩq is a weak solution, then
uN “ ΠHN

u.

FEMs are a special choice of pukqNk“1.

PINNs approach
Choose a Neural Network architecture

u :

"

RP Ñ C8Ω
θ ÞÑ uθ.

,

and optimize it on the loss:

pℓD,Bpθq :“
1

2SD

SD
ÿ

i“1

´

Dru|θspxDi q ´ f pxDi q

¯2

`
1

2SB

SB
ÿ

i“1

´

Bru|θspxBi q ´ gpxBi q

¯2
,

using autodiff to compute D,B (Raissi
et al., 2019).

A priori different approaches.
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Natural gradient for PINNs
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A functional geometry perspectiveReinterpreting quadratic loss
Consider the loss of a classical quadratic
regression problem, with batch pxi q:

pℓpθq :“
1
2S

S
ÿ

i“1

`

u|θpxi q ´ f pxi q
˘2

.

In the population limit:

pℓpθq
SÑ8
Ñ Lpu|θq ; Lpuq :“

1
2

}u ´ f }
2
L2pΩq

This yields the Fréchet derivative:
dL|uphq “ xu ´ f

∇L|u

, hyL2pΩq,

and thus the gradient flow:
#

u0 P L2pΩq

9ut “ ´∇L|ut “ f ´ ut
.

Solution: ut “ f ` e´tpu0 ´ f q.

Natural gradient in functional space
The functional space is constrained to:

‚ M :“ Im u “ tuθ : θ P RPq

‚ TθM :“ Im du|θ “ SpanpBpuθq

The Natural Gradient is then defined as:

θt`1 Ð θt ´ η du:

|θt

´

ΠK
TθtM

∇L|u|θt

¯

,
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Reproducing Kernel Hilbert Spaces (RKHS) détour

Definition-Proposition
An Hilbert space H of functions
Ω Ñ R is a RKHS if and only if the
following equivalent conditions are
met:

1 There exist a function
k : Ω ˆ Ω Ñ R such that:

‚ H “ Span pkpx , ¨q : x P Ωq

‚ xkpx , ¨q , kpy , ¨yH “ kpx , yq

2 for all x P Ω, the evaluation
form ex : f P H ÞÑ f pxq is
continuous.

Proposition
Any finite dimensional space H is a RKHS

Proposition
If H :“ Spanpui : i P Nq, is an RKHS, then
its kernel is given by: for all x , y P Ω

kpx , yq “
ÿ

i ,jPN

ui pxqG :

i ,jujpyq

where Gij :“ xui , ujyH.

Proposition
If H Ą H0 is an RKHS with kernel k , then
the orthogonal projection ΠK

H0
onto H0 is

given by:
ΠK
H0

pf qpxq “ xkpx , ¨q , f yH
Remark
Applying to H0 “ TθM, we get natural
gradient.
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Kernel and computational perspective
Definition-Proposition (Schwencke and Furtlehner (2025))
The Natural Neural Tangent Kernel (NNTK) is the kernel of the projection
ΠTθM : L2pΩq Ñ L2pΩq onto TθM. It is given by the formula:

NNTKθpx , yq :“
ÿ

1ďp,qďP

Bpu|θpxq G :

θpqBqu|θpyq; Gθp,q :“
@

Bpu|θ , Bqu|θ

D

L2pΩq
.

Corollary
The Natural Gradient update rewrites: θt`1 Ð θt ´ η G :

θt
∇ℓpθtq; ℓpθq :“ Lpu|θq.

Application to PINNs
Those definitions extend to PINNs by replacing the model u with:

pD,Bq ˝ u :

"

RP Ñ C8pΩq Ñ L2pΩ Ñ Rq ˆ L2pBΩ Ñ Rq

θ ÞÑ uθ ÞÑ pDruθs,Bruθsq.
,

Remark
If we assume Im u Ă H1

0pΩq, then Bruθs “ 0 and this simplifies to considering
∆ ˝ u : RP Ñ L2pΩ Ñ Rq. Then in particular Im∆ ˝ u Ă H1

0pΩq X H2pΩq
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Reinterpreting Natural Gradient

Let us introduce the smooth tangent space T Mθ :“ Im duθ and the smooth NNTK :

NNT Kθpx , yq :“
ÿ

1ďp,qďP

Bpu|θpxq G :

θpqBqu|θpyq;Gθp,q :“
@

Bp∆ ˝ u|θ , Bq∆ ˝ u|θ

D

L2pΩq
.

Lemma (Poincaré)
The bilinear form: xu , vy∆ :“

ş

Ω∆rus∆rv s is an inner product on H1
0pΩq X H2pΩq.

In particular if we endow T Mθ with x¨ , ¨y∆, NNT K is a reproducing kernel on T M.
Furthemore for all x , y P Ω

NNTK px , yq “ xNNTK px , ¨q , NNTK p¨, yqyL2pΩq

“ x∆ rNNT Kpx , ¨qs , ∆ rNNT Kp¨, yqsy∆ “ ∆ r∆ rNNT Kpx , ¨qs p¨, yqs

In particular ∆ is then an isometry, thus ∆´1 “ ∆˚.

9 / 15



Natural Gradient and Green’s function
Definition (Solution in the least-square sense)
A function u P H0 Ă H is a solution in the least square sense if

u P argmin
vPH0

}Drus ´ f }L2pΩq

Definition (Green’s function of D on H0 Ă H in the least-square sense)
A Green’s function in LS sense is any g : Ω ˆ Ω Ñ R such that the operator:

R : f P L2pΩ Ñ R, µq ÞÑ

ˆ

x P Ω ÞÑ

ż

Ω
gpx , sqf psqµpdsq

˙

P H

verifies the equation: D ˝ R “ ΠK
DrH0s

Proposition
∆ rNNT Kpx , ¨qs is a Green function in LS sense on TMθ. In particular:
and a solution (in the least-square sense) is obtained in T M by:

x∆ rNNT Kpx , ¨qs , f yL2pΩq “ xNNT Kpx , ¨q , ∆˚rf sy∆ “ ∆´1rf spxq
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Galerking methods as a Natural Gradient

Fix pvkqNk“1 and consider the synthesis operator:

T :

"

RP Ñ H1
0pΩq

θ ÞÑ
řN

k“1 θkvk .
,

Then we can rewrite the Galerkin scheme as:
θt`1 Ð 0 ´ 1 ˆ G :

θt
xBpTθ , f yL2pΩq

No ∇

; Gθp,q :“ xBp∇ ˝ Tθ , Bq∇ ˝ TθyL2pΩq
“ xBpTθ , BqTθyH1

0

The only difference is that ∇ is missing on the RHS.

But we can “make it appear” by:

xBpTθ , f yL2pΩq
“ xO1 rBpTθs , f yL2pΩq

“ xBpTθ , O˚
1 f yH1

0
“ x∇BpTθ , ∇O˚

1 f yL2pΩq
.
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Hilbert Riggings framework

H´ H`H0
O

I “ O‹

I

A
B

J J

Ě Ě

Figure: Schematic diagram of a Hilbert Rigging
(a.k.a Gelfand triple).

O embedding operator of H` into H0

I :“ O‹ : H0 Ñ H`

A :“ OI : H0 Ñ H0 (note that A‹ “ Aq

B :“
?
A : H0 Ñ H0

J :“ O´1B : H0 Ñ H`

J :“ B : H´ Ñ H0

I :“ I : H´ Ñ H`
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Hilbert Riggings framework

H´1
0 pΩq H1

0pΩqL2pΩ Ñ Rq
O1

I1 “ O‹
1

I1

A1

B1

J1 J1

Ě Ě

Figure: Schematic diagram of a Hilbert Rigging
for triple H´1

0 pΩq Ě L2
pΩ Ñ Rq Ě H1

0pΩq. The
lower part is a commutative diagram.

`

H2
0pΩq

˘˚

H1
0pΩq H2

0pΩqH1
0pΩq

O2

I2 “ O‹
2

I2

A2

B2

J2 J2

Ě Ě

Figure: Schematic diagram of a Hilbert Rigging
for L2

pΩ Ñ Rq Ě H1
0pΩq Ě H1

0pΩq X H2
pΩq.

The lower part is a commutative diagram.
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Hilbert Riggings framework

H´1
0 pΩq H1

0pΩqL2pΩ Ñ Rq H2
0pΩq

O1

I1 “ O‹
1

I1

A1

B1

J1 J1 “ J2

O2

I2 “ O‹
2

I2 “ ∆´1

A2

B2

J2

Ě Ě Ě

Figure: Strong and Weak Hilbert Riggings in Sobolev spaces. The lower part is a commutative
diagram.

In particular I2 “ I2O1. Thus O2 “ I1I˚
2 i.e. O2I2 “ I1.

This is the classical result stating that a weak solution is a strong
solution if f P L2

pΩq and u is in H1
0pΩq X H2

pΩq.
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Thank you for your attention !
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