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Context
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Problem statement
We aim to solve:

D(u)=fel?(Q—R,u) inQ
B(u) =gel?(@Q —R,0) ondQ’

with D self adjoint. To keep it simple,
D = A, B trace operator and g = 0.

Two notions of solutions

Strong solution : u such that

f Alu] — 2 =0
Q

Weak solution : u such that Vv € CX(Q)

JAUVZJ fv
Q Q

In which spaces live the solutions ?

Hy () space
Note that: Vv e CX(Q)

J Auv = J <VU, VV>Rdim(Q)
Q Q

Completing CZ(£2) w.r.t this inner product
yields H3(Q), in which weak solutions live.
Lemma (Poincaré)

O1: ue H5(Q) — ue L*(Q) is continuous.
H(Q) n H?*(Q) space
H?(Q): max space containing C*(Q) s.t:
e Oy:ueH3(Q) — uel(Q)
continuous.
* A:H?(Q) — L?(Q) continuous.
Strong solutions lives in H3(Q) n H?(Q).
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Galerkin approach
Choose (vi) € H}(Q)N and approximate a
weak solution by solving the linear system:
forall1<i,j<N

Vi vy = Vis Drzy - (1)
Yields a solution up € Hy(R):

N
uy = Z Ak Vk;
k=1

with « a solution to eq. (1) and
Hp(Q2) :=Span(vx : 1 < k< N).

Lemma
If ue Hy(Q) is a weak solution, then

uyn = I'IHNu.

FEMs are a special choice of (uy)N_;.

Numerical approximations
PINNs approach

Choose a Neural Network architecture
RP - (C*Q
u:
0 = Up. ’
and optimize it on the loss:

1 &

10.8(8) =553, (Dlugl?) ~ (<))
+os O, (BluolxP) — g8
i=1

using autodiff to compute D, B (Raissi
et al., 2019).

A priori different approaches.
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Natural gradient for PINNs
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Reinterpreting quadratic loss A functional geometry perspective

Consider the loss of a classical quadratic

regression problem, with batch (x;): Natural gradient in functional space

S The functional space is constrained to:
10) = 5¢ 3 (wolx) — () * Mi=Imu = {ug : 6¢RP)

i=1 * ToM :=Imdujg = Span(dpus)
e 1 , The Natural Gradient is then defined as:
(0) "=" L(wg); L(u) =3 [u—flizq) Oci1 < 0 —ndufy (n#etMVE\uwt) 7

In the population limit:

This yields the Fréchet derivative:

dﬁ|u(h) =u— f, h>L2(Q)7

VL,

e

and thus the gradient flow:
ug € Lz(Q) .
l..lt:—vt‘ut:f—ut )

Solution: u; = f + e *(ug — f).

Ve
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Reproducing Kernel Hilbert Spaces (RKHS) détour

Definition-Proposition

An Hilbert space H of functions

Q — R is a RKHS if and only if the
following equivalent conditions are

met:
@ There exist a function
k: Q x Q — R such that:

® H = Span (k(x,-) : x€ Q)
o Ck(x,) s k(y, )3 = k(x,y)
® for all x € Q, the evaluation
form e, : f e H — f(x) is
continuous.

Proposition
Any finite dimensional space H is a RKHS

Proposition
If H := Span(u; : i € N), is an RKHS, then
its kernel is given by: for all x,y € Q
k(xy) = 3 uil)Glu(y)
ijeN
where Gjj == (u;, uj),,.

Proposition
If H > Ho is an RKHS with kernel k, then
the orthogonal projection I'I%_[0 onto Hg is
given by:

M3, (F)(x) = Ck(x,-), g
Remark
Applying to Ho = TyM, we get natural
gradient.
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Kernel and computational perspective
Definition-Proposition (Schwencke and Furtlehner (2025))

The Natural Neural Tangent Kernel (NNTK) is the kernel of the projection
Ny 2 L2(Q) — L2(Q) onto TeM. It is given by the formula:

NNTKg(x,y) := 2 6pu‘9(x) Ggpqﬁquw(y); Gop g ::<8pu|9,6qu|9>L2(Q).
1<p,q<P
Corollary

The Natural Gradient update rewrites: 041 < 0; — 1 G;tVE(Gt); £(0) == L(up).

Application to PINNs
Those definitions extend to PINNs by replacing the model u with:
(D.B)ou: { R — C*®(Q) — L*Q—R)xL2%0Q—R) ,
0 — up = (Dlug], Bup])-
Remark
If we assume Im u < H}(Q), then B[uy] = 0 and this simplifies to considering
Aou:RP - L2(Q —R). Then in particular Im A o u c H3(Q) n H3(Q)
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Reinterpreting Natural Gradient

Let us introduce the smooth tangent space 7 My := Imdug and the smooth NNTK :

NNTKg(x,y) = Z Opup(x) G;pq&’quw(y); Gopgq = <5PA oug, 0gA o U|9>L2(Q) )

1<p,q<P

Lemma (Poincaré)

The bilinear form: (u, vy, = §o Alu]A[v] is an inner product on H5(Q) n ().

In particular if we endow T My with (-, )5, NNTK is a reproducing kernel on T M.
Furthemore for all x,y € Q

NNTK(x,y) = (NNTK(x,-) , NNTK(-, y))12(q
= AINNTEX )] AINNTEC y)Da = AANNTE )] (5 y)]

In particular A is then an isometry, thus A™1 = A*.
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Natural Gradient and Green's function

Definition (Solution in the least-square sense)
A function u € Ho = H is a solution in the least square sense if
u € argmin | D[u] — f|;2(q)
veHo

Definition (Green's function of D on Hy < H in the least-square sense)
A Green's function in LS sense is any g : Q x Q — R such that the operator:

. 2 N — | x — X
R:fel®(Q—>R,pu) < €N ng( ,s)f(s)u(ds))e?—l

e . . _ J_
verifies the equation: Do R = I'ID[HO]
Proposition
A[NNTK(x,-)] is a Green function in LS sense on TMy. In particular:
and a solution (in the least-square sense) is obtained in 7 M by:

(AINNTE(x )] Orz) = NNTE(x, ), A [Da = A F](x)
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Galerking methods as a Natural Gradient

Fix (vk)ﬁlzl and consider the synthesis operator:

{ RP — H}(Q)

T . N 3
9 —> Zk:l Hkvk.
Then we can rewrite the Galerkin scheme as:

0ry1 —0—1x th <(9p7;7 f>L2(Q) : G@p,q = <5PV 0Tg, gV o 7~9>L2(Q) = <(9p7;7 aq7«-9>H(1J
|
No V

The only difference is that V is missing on the RHS.
But we can “make it appear” by:

<ap7-9 5 f>L2(Q) = <Ol [3p7§] 5 f>L2(Q) = <ap% , Oik f>H% = <Vap75 y voik f>L2(Q) .
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Figure: Schematic diagram of a Hilbert Rigging
(a.k.a Gelfand triple).

Hilbert Riggings framework

O embedding operator of H; into Hg
[:=0":Hy—> H,
A:=0I:Hp — Hp (note that A* = A)
B:=+vA:Hy — Hg
J:=0"'B:Hy— H,

J:=B:H_ - Hp

l:=1:H_ - H,
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Hilbert Riggings framework

Figure: Schematic diagram of a Hilbert Rigging Figure: Schematic diagram of a Hilbert Rigging
for triple Hy'(Q) 2 L*(Q — R) 2 H5(Q). The  for L*(Q — R) 2 Hj(Q) 2 Hy(Q) n H3(Q).
lower part is a commutative diagram. The lower part is a commutative diagram.
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Figure: Strong and Weak Hilbert Riggings in Sobolev spaces. The lower part is a commutative
diagram.
In particular /, = 1501. Thus O> = L1} iie. Oa2ly = 1.

This is the classical result stating that a weak solution is a strong
solution if £ € L?(Q) and wu is in H3(Q) n H3(Q).

Hilbert Riggings framework
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Thank you for your attention !
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