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The two realms
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Finite elements vs. PINNs

Galerkin / FEM
‚ Variational: weak form on a mesh
‚ Stiffness matrix assembled once
‚ Sparse, well-conditioned (elliptic)
‚ Mature error theory

PINNs
‚ Collocation of the strong residual
‚ Mesh-free, flexible, high-d
‚ Few DoFs can match FEM accuracy. . .
‚ . . . but training is the bottleneck

The question
Two communities, two languages — yet natural-gradient PINNs now reach FEM-level
accuracy. Can we put both in a single framework, and couple them during
training?

Answer: yes — both are projected (generalized) Green functions.
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Model problem and (Petrov–)Galerkin

Boundary value problem
#

Drus “ f in Ω

Brus “ g on BΩ

Elliptic model: ´divpA∇uq “ f ,
u|BΩ “ 0.

Energy form

apu,wq :“ xA∇u , ∇wyL2pΩq

Galerkin
Seek up P Vp Ă H1

0pΩq:

apup,wpq “ xf , wpyL2pΩq
@wp P Vp

Petrov–Galerkin
Test space Wq ‰ Vp:

apup,wqq “ xf , wqyL2pΩq
@wq P Wq

Keep the trial/test distinction in mind — it is the whole story.
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PINNs and Natural gradients
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PINNs: key idea
PINNs loss

LD,Bpuq :“

ż

Ω
}Drus´f }2`

ż

BΩ
}Brus´g}2

PINNs key idea (Lagaris et al.1998;
Raissi et al.2019)

‚ Model u with a neural network uθ
‚ Use autodiff to compute D and B

‚ Minimize the sampled loss:

pℓD,Bpθq :“
1

2SD

SD
ÿ

i“1

´

DruθspxDi q ´ f pxDi q

¯2

`
1

2SB

SB
ÿ

i“1

´

BruθspxBi q ´ gpxBi q

¯2
.

Optimization is hard

Usual optimizers (Adam, L-BFGS) often
stagnate far from the true solution. Why?

Figure: L2-error of a PINN optimized with
Adam on the 2D Laplace equation.
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Natural gradient in functional space
Parametric model

u :

"

RP Ñ H
θ ÞÑ uθ

; H Hilbert space

‚ M :“ Im u “ tuθ : θ P RPq

‚ TθM :“ Im duθ “ SpanpBpuθq

Quadratic regression

Lpuq :“
1
2

}u ´ f }
2
L2pΩq

,

dL|uphq “ xu ´ f
∇L|u

, hyL2pΩq.

Induces the gradient flow:
#

u0 P L2pΩq

9ut “ ´∇L|ut “ f ´ ut

Solution: ut “ f ´ e´tpf ´ u0q.

But uθ lives on the manifold M.
ñ Project ∇L onto TθM.

Then (Amari and Douglas1998):

θt`1 Ð θt ´ η du:

θt

´

ΠK
TθtM

∇L|uθt

¯

,

θt`1 Ð θt ´ η G :

θ∇θℓpθq; Gθpq “ xBpuθ , BquθyH ;

ℓpθq :“ Lpuθq.
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empirical Natural GradientNNTK (Rudner et al.2019) in a nutshell

Discretized loss: pℓpuq :“
1
2S

S
ÿ

i“1

pupxi q ´ f pxi qq
2

The functional dynamics under NGD is then:

duθt
dt

pxq “ ´

S
ÿ

i“1

Kθt px , xi qpuθt pxi q ´ f pxi qq,

with: K px , yq :“
ř

p,q BpuθpxqG :

θpq
Bquθpxqa.

Key Observation
The empirical dynamics takes place in:

pTθM :“ Span
`

Kθpxi , ¨q : pxi q1ďiďN

˘

.

We can define the empirical Natural Gradient:

θt`1 “ θt ´ η du:

θt

´

ΠK
pTθtM

∇L|uθt

¯

.

aUnder GD, Gθ “ Ip and we get the usual
NTK (Jacot et al.2018)

Theorem (ANaGRAM)
Under mild assumptions:

du:

θt

´

ΠK
pTθtM

∇L|uθt

¯

» pϕ:

θt
y∇Lθt ,

with: for all 1 ď p ď P, 1 ď i ď S

‚ pϕθt i ,p :“ Bpuθt pxi q

‚ y∇Lθt i :“ ∇L|uθt
pxi q

Key fact
ϕ̂:

θt
can be computed with a SVD,

with complexity O
`

minpPS2,P2Sq
˘

.
Corollary
There exists P points px̂i q such that:

ΠK
pTθM

∇Luθ “ ΠK
TθM∇L|uθ .
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Application to PINNsKey remark
The only difference between the losses:

LD,Bpuq “

ż

Ω
}Drus ´ f }2

`

ż

BΩ
}Brus ´ g}2

and Lpuq “ 1
2 }u ´ f }

2
L2pΩq

is the use
of the operators D and B.
Proposition
PINNs are a quadradic regression
problem with model: pD,Bq ˝ u :
$

’

&

’

%

RP Ñ H Ñ
L2pΩ Ñ R, µqˆ

L2pBΩ Ñ R, σq

θ ÞÑ uθ ÞÑ pD ruθs ,B ruθsq

Natural Gradient of PINNs

Figure: Illustration of PINNs Natural Gradient
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Empirical validation
1+1D Heat equation

Figure: Performance comparison w.r.t running
time for Heat equation in 1+1D:

$

’

&

’

%

Btu ´ 1
4Bxxu “ 0 in r0, 1s2

u “ 0 on r0, 1s ˆ t0, 1u

u “ sinpπxq on t0u ˆ r0, 1s

1+1D Allen-Cahn equation

Figure: Performance comparison w.r.t running
time for Allen-Cahn equation in 1+1 D:

$

’

&

’

%

Btu ´ 10´3 Bxxu “ 5pu ´ u3q in Ω “ r0, 1s ˆ r´1, 1s

u “ ´1 on BΩb “ r0, 1s ˆ t´1, 1u

up0, xq “ x2 cospπxq on BΩ0 “ t0u ˆ r´1, 1s

Note: E-NGD refers to Müller and Zeinhofer2023).
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Empirical validation

Experiment Train Loss L2 Error

AMStraMGRAM ANaGRAM AMStraMGRAM ANaGRAM

Heat Equation 6.29e-29 ˘ 6.78e-30 8.56e-11 ˘ 7.05e-11 2.32e-14 ˘ 1.14e-14 1.28e-06 ˘ 1.75e-06
Laplace 2D 1.46e-28 ˘ 1.87e-29 4.27e-13 ˘ 4.66e-13 2.24e-15 ˘ 2.52e-16 3.49e-09 ˘ 3.58e-09
Laplace 5D 2.04e-08 ˘ 1.16e-08 6.37e-08 ˘ 7.01e-08 2.12e-05 ˘ 8.15e-06 4.00e-05 ˘ 2.93e-05
Allen–Cahn 3.19e-11 ˘ 2.37e-11 2.19e-04 ˘ 4.16e-04 5.87e-05 ˘ 6.25e-06 4.32e-03 ˘ 5.93e-03

Experiment Train Loss L2 Error

AMStraMGRAM SSBroyden * AMStraMGRAM SSBroyden *

Burgers (1+1 D) 2.99e-12 ˘ 9.26e-13 2.92e-10 ˘ 1.45e-10 1.5e-06 ˘ 9.43e-7 1.59e-06 ˘ 1.02e-6
Non-Linear Poisson 8.51e-24 ˘ 2.24e-24 3.03e-16 ˘ 3.82e-16 6.81e-10 ˘ 1.41e-09 9.29e-12 ˘ 5.85e-12
Allen–Cahn 3.19e-11 ˘ 2.37e-11 6.42e-12 ˘ 5.52e-12 5.87e-05 ˘ 6.25e-06 3.94e-06 ˘ 1.72e-06

* refers to the order two method of Urbán et al.2025), with adaptive sampling and hard constraint
enforcement on boundary conditions.
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Unification through Petrov–Galerkin test-space choices
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ANaGRAM and Natural Gradient as a Petrov–Galerkin method

Assume for simplicity that BC are enforced.

Petrov–Galerkin approach
Idea: at first order, choose h P RP s.t:

dΓθphq » f ´ Γθ; Γθ :“ Druθs.

Choosing T Ă L2pΩq, we could impose

xΓθ ` dΓθphq ´ f , τyL2pΩq “ 0, @τ P T

‚ Moving solution space: TθΓ “ Im dΓθ.
‚ Test space: can be freely chosen.

All previous methods are recovered as
specific test-space choices

method test space

exact NG SpantBpΓθu

empirical NG SpantKθp¨, xi qu

ANaGRAM Spant rKθp¨, xi qu

with rKθ, the reproducing kernel of
rTΓθ :“ SpantBpΓθ, f ´ Γθu.

14 / 21



The test space is a free design choice

Variational methods are already here
Choosing the test functions ζ P H1

0pΩq

recovers the weak formulation world:

xΓθ ` dΓθphq ´ f , ζiyL2pΩq “ 0

ðñ apuθ ` duθphq, ζi q “ xf , ζiyL2pΩq

The whole variational picture is one instance
of the same construction.

Green’s function tests ñ interpolation
Assume there is a Green’s function gA.
Taking ζi “ gApxi , ¨q then yields

xΓθ ` dΓθphq ´ f , gApxi , ¨qyL2pΩq “ 0

ðñ uθpxi q ` duθ
`

h
˘

pxi q “ u‹pxi q,

where u‹ is the PDE solution, i.e.

u‹pxq :“

ż

Ω
gApx , sqf psqds.

Turns into a simple interpolation of
the solution.A familiar special case

In 1D, the Green kernel of the Dirichlet Laplacian is gpx , yq “ minpx , yq ´ xy . Its
sections at the mesh nodes span exactly the P1 space, and the usual hat functions are
the cardinal interpolants of the solution at the nodes (Owhadi and Scovel2019).

ñ FEM, natural gradient and ANaGRAM differ only by the test space.
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A hybrid FEM–neural method

16 / 21



A hybrid FEM–neural method
Idea
Split the approximation

uθ,h “ vθ
network

` uhpθq

FEM part

.

where uhpθq P Vh. The FEM is designed to
capture the coarse part on Vh; the network is
trained only on the complement VK,a

h .

How it works
The FEM part removes the Vh component of
the weak residual, so after eliminating it the
neural update acts through the projected
tangent directions Πa

VK
h

Bpvθ.

One iteration (high level)

1 FEM solve: compute uhpθq with
apvθ ` uh,whq “ xf , why, wh P Vh.

2 Sample weak tests, project them
onto VK,a

h : ζK
i “ Πa

VK
h
ζi .

3 Assemble test features
pϕpi :“ apBpvθ, ζ

K
i q

and test residuals
y∇Li :“ apuθ, ζ

K
i q ´

@

f , ζK
i

D

L2pΩq

4 Update θ through ANaGRAM,
AMStraMGRAM, RATATAM, etc.

5 Recompute uh for the new θ.
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Preliminary numerical experiments

(a) FEM reference solution (16 dofs)
A

`

ε
˘

pxq “ 1
2`cos

´2πx
ε

¯

(b) Test functions : Green’s function of
´div

`

Apεq∇puq
˘

q

(c) Test functions : Green’s function of the Lapla-
cian
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Takeaways

1 FEM and natural-gradient PINNs fits into the same framework. They differ only
on the solution space choice.

2 Differences between PINN’s natural gradient methods correspond to different test
space choices in the same Petrov–Galerkin method.

3 There are optimal choices (Green’s functions) : test space is a design lever.
4 The hybrid PINN-FEM method uses that lever: FEM for the coarse

operator-adapted structure, the network for the complement.

Thank you for your attention ! Questions welcome.

Schwencke & Maier, A kernelized Petrov–Galerkin framework for hybrid
FEM–neural PDE solvers (soon available).

ScimBa
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