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Adaptive sampling strategies in PINNs
PINN loss on collocation points

L̂(θ) := 1
S

S∑
i=1

|rθ(x)|2 + BC/IC,

rθ(x) := D[uθ](x)− f (x).

• The training set is a set of
collocation points.

• Sampling changes the loss
landscape seen by the
optimizer.

• Adaptive methods often
outperform static sampling.

Question
Can these methods be organized
by a common principle ? Do they
work for natural gradient ?

Examples of adaptive samplers
• RAR: add the points with largest residual (Lu

et al.2021)

xnew = argmax
x

|rθ(x)|
• RAD / RAR-D: sample according to the

residual distribution (Wu et al.2023)

p(x) ∝ |rθ(x)|α

• R3: retain high-residual points, resample the
others (Daw et al.2023)

X = Xretain ∪ Xresample

• PINNACLE: NTK-based convergence-degree
sampling (Lau et al.2024)

p(x) ∝ Π̃TθMrθ
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Literature baselines: RAR vs RAD

Same fixed budget. RAR (deterministic, largest residual) over-concentrates and stalls at ≈ 0.3 —
worse than no resampling. RAD (p ∝ |rθ|α) keeps spatial spread and converges to ≈ 3 · 10−10.
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Kernel theory viewpoint
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Kernel interpolation point of view

What a kernel encompasses
• The topology:〈∑

i

αik(xi , ·) ,
∑
j

βjk(yj , ·)

〉
k

:=
∑
i ,j

αiβjk(xi , yj).

• The algebraic information:

H(k) := Span (k(x , ·) : x ∈ Ω)

Classical problem
Given a kernel k and a target f , choose
points

X = {x1, . . . , xS}

to reconstruct f by an interpolant

ΠX f ∈ Span{k(xi , ·)}Si=1.
Three type of informations
• The target information (f );
• The representation power of H(k)

• The generalization power of
Span{k(xi , ·)}Si=1.

Key point
Kernel interpolation theory already contains target-dependent sampling rules.
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Three kernel quantities to keep apart

Residual

rX (x) = f (x)− ΠX f (x)

target error

Power function

PX (x) =
∥∥k(·, x)−ΠXk(·, x)

∥∥
Hk

missing direction

Leverage scores

ℓk(x) =
∥∥ΠXk(·, x)

∥∥
Hk

correlation to the training
data

Interpretation
Residual tells where we are wrong; power tells what is new; leverage tells the
dependence to training data.
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Classical target-dependent greedy rulesSampling rules
f -greedy: xn+1 = argmax

x
|rX (x)|,

P-greedy: xn+1 = argmax
x

PX (x),

fP-greedy: xn+1 = argmax
x

|rX (x)|PX (x),

fP-greedy: xn+1 = argmax
x

|rX (x)|
PX (x)

.

One-parameter family (Wenzel et al.2023)

xn+1 = argmax
x

|rn(x)|β Pn(x)
1−β, β ∈ [0,∞]

β = 0 : P-greedy 1
2 : f·P 1 : f ∞ : f /P

Meaning
• f -greedy: target-driven refinement.
• P-greedy: geometric exploration.
• fP ,f /P-greedy: target, geometry

balance.

What theory guarantees
• P-greedy: near-optimal (Sobolev),

points (Santin and Haasdonk2017).
• target-dependence speeds the rate by
n−β/2 (Wenzel et al.2023).

• f -greedy is optimal (best n-term) in
Sobolev RKHS (Santin et al.2024).
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ANaGRAM as an empirical-kernel solver
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ANaGRAM makes the kernel explicit

Empirical residual features

Φ̂θ := (∂p [D(uθ)(xi )])1≤p≤P,1≤i≤S .

Φ̂θ = UΛV⊤.

Empirical NTK

Kθ = Φ̂⊤
θ Φ̂θ.

The natural-gradient step solves

Φ̂⊤
θ Φ̂θα = r̂θ; r̂θi := rθ(xi ).

Consequence
One ANaGRAM step is a kernel regression of the PDE residual in the empirical
NTK.
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Rank selection by extrapolation RCE

Truncated natural-gradient step

∆k = UkΛ
−1
k V⊤

k r̂θ.

Independent reconstruction criterion
On a fresh extrapolation set Z :

RCE(k)2 =
∥∥∥rZ − Φ⊤

Z∆k

∥∥∥2

L2(Z)
, kopt = argmin

k
RCE(k).

Role of kopt

The same spectral regularization is used for all sampling strategies; only the collocation
set changes.

10 / 24



New sampling strategies ideas
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leverage-RAR: geometry-aware residual refinement

Rule (per operator block, each step)
With Φ̂θ = UΛV⊤ and leverage

hi =
∑

k≤kopt

V 2
k,i = (VkoptV

⊤
kopt

)ii ∈ [0, 1]

• drop xi if
√
hi S/kopt < u, u ∼ U(0, 1)

(S = #pts);

• insert the candidates of largest residual
|rθ(y)| (RAR).

Kernel reading

• hi : how much is the point xi important
for approximation ?

• low leverage ⇒ redundant ⇒ safe to drop.

≃ leverage sampling × RAR

• prune points the kernel over-represents
(geometry / actionability);

• add points where the PDE is most
violated (target / residual).

Why it is robust
Near convergence kopt shrinks and leverages
saturate ⇒ few swaps: it self-throttles (no
RAR-style over-concentration);
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Greedy Woodbury exchange

Problem with marginal scores
• A point can be good to add alone.
• Another point can be harmless to

remove alone.
• But several exchanges interact through

the update.

Exchange score

S(i , y) = ∥rZ∥2 − ∥rZ − Φ⊤
Z (di + dy )∥2.

LOO removal candidates

LOI insertion candidates

Woodbury update

combined RCE

Idea
Accept exchanges one by one, and stop when the combined extrapolation RCE stops
decreasing.
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First results
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Experimental setting

Benchmark
• 1D heat equation.
• Frequency 6.
• 150 iterations.
• GPU implementation.
• Same ANaGRAM update for all

methods.

Metric

∥uθ − u⋆∥L2

• best: lowest error reached;
• final: error at iteration 150.

Important convention
Because of banded updates, the best error is often more informative than the final error.
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Error trajectories across strategies

L2 is the rms error over the eval grid. RAR, RAD,leverage-RAR and f -greedy descend and stay;
P/fP/Woodbury dive then oscillate up; f /P stays high.
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Colegram : Collocation points selection
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Leverage scores after training

(a) Target function (b) Leverage score based clustering
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Reinterpreting ANaGRAM’s optimal criterion
Remark

(xi )
⋆ = argmin

(xi )∈ΩS

∥∥∥∥Π⊥
T̂

(xi )

θ,KM
∇L|uθt −∇L|uθt

∥∥∥∥
L2

= argmin
(xi )∈ΩS

inf
α∈RS

∥∥∥∥∥
S∑

i=1

αiKθ(xi , ·)−∇L|uθt

∥∥∥∥∥
2

L2

Consequence
(xi )

⋆ can be “learned” by the minimization through natural gradient descent of

u :


ΩS × RS → L2(Ω → R, µ)(
(xi ), α

)
7→

S∑
i=1

αiKθ(xi , ·)

Even better: closed form formulas exist !

Proposition
•
〈
∂αiuθ, ∂αjuθ

〉
= Kθ(xi , xj)

•
〈
∂xiuθ, ∂αjuθ

〉
= αi∂1Kθ(xi , xj)

•
〈
∂xiuθ, ∂xjuθ

〉
= αi∂2∂1Kθ(xi , xj)αj .

• ⟨∂αiuθ,∇L⟩ = ΠTθM∇L(xi ) ≃
∇L(xi )

• ⟨∂xiuθ,∇L⟩ = αiΠTθM∇L′(xi ) ≃
αi∇L′(xi )
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First results: collocation learning in Fourier space

Figure: Points learning dynamic

Figure:
∥∥∥∥Π⊥

T̂
(xi )

θ,KM
∇L|uθt −∇L|uθt

∥∥∥∥
L2

wrt (xi )

learning steps
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Takeaways

21 / 24



Takeaways
1 Adaptive PINN sampling = target-dependent point selection in the

empirical NTK — RAR, RAD, R3 and NTK-sampling become special cases of
one kernel principle.

2 Predictive: on 1D heat, resampling moves the error by ∼ 8 orders;
residual+ geometry samplers (leverage-RAR, f -greedy) win, while pure residual
(RAR) over-concentrates and fails; exploration is the cure.

3 Algorithmic: the view yields new samplers (greedy Woodbury exchange; Pareto
over residual–power–leverage); stabilizing them and going beyond heat are next.

4 Colegram: should be combined with resampling.

Thank you for your attention ! Questions welcome.

ScimBa
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