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@ Parametric models and Natural Gradient in a nutshell
@ Parametric models in JAX

© Essential tools for PINNs implementation

@ Effective PINNSs training implementation

@ Natural Gradient Implementation

@ Empirical motivation
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Parametric models and Natural Gradient in a nutshell
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Parametric model
P
u: RE = A ; ‘H Hilbert space
0 = U
* M:=Imu={up: 6 €RP)
® TyM :=Imduy = span(0pup)
Quadratic regression
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Induces the gradient flow:
up € L2(Q)
l:lt = —V,C‘ut =f - Ug

Solution: v = f — e (f — wp).

Natural gradient in functional space

But uy lives on the manifold M.
= Project VL onto Ty M.

Then (Amari and Douglas1998):
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0(0) := L(up).
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Key remark

The only difference between the losses:

Losw)= [ DLl 1|
+ [ 1Bl - gl

and L(u) = % lu— f|]i2(9) is the use
of the operators D and B.
Proposition

PINNSs are a quadratic regression
problem with model: (D, B)o u:
L2(Q = R, p)x
L2(0Q = R, 0)
0 — u — (D[ug],Bug])

RF - H —

Application to PINNs

Natural Gradient of PINNs

Figure: Illustration of PINNs Natural Gradient
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Parametric models in JAX
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Implementing a parametric model in JAX

Parametric model

P
u: { RE = A ; ‘H Hilbert space
0 — Uy

Functional pov: matches JAX spirit!

Linear example

def linear_model_factory(function_basis):
def u(theta, x):
return jnp.sum([jnp.dot(a, £(x)) for
— a, f in zip(theta,
<» function_basis)])
return u

TR W N =

Abstract implementation

From a JAX perspective, a parametric
model is a function u with signature:

u: [PyTree, Array] -> Array #type Pmodel

where the first argument contains the
trainable parameters and the second
argument contains the evaluation points.

Typical usage for evaluation

# Given:

# ~—theta (PyTree)

# -samples (Array)

v_u = jax.vmap(u, (None, 0))
u_eval = v_u(theta, samples)
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Differentiating a parametric model in JAX

Differential of a parametric model Given any PyTree h with the same
RP — H . structure as theta,
dug { h e dug(h) ‘H Hilbert space

du_theta(h) = (dU9 (h) (X)) XxEsamples

How to compute duy ? with AD !

How to do it in practice? ,

] ] ) Implementation remarks

Use jax.linearize: o ) o )
Only efficient if we differentiate in a given

# Given: direction h (not for the full Jacobian; see
# -u (Pmodel) Iater)

# -theta (PyTree)

# -samples (Array)

_, du_theta = jax.linearize(lambda p:

— jax.vmap(u, (None, 0))(p, samples), theta)
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Essential tools for PINNs implementation
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Continuous problem

{D[u] =f inQ,
Blu] =g on 09Q.

1 A
L(u) = 5 |D[u] — fHé(Q) +t3 1B[u] — g”é(aﬂ)

Discretization of the losses
Given a parametric model u:

£(6) =5 e 3 (Dlus] = £) ()
Al
ST (Blusl ~ ) (z)"-

Back to PINNs implementation

Implementation ingredients
® () : PyTree of
parameters;
® (xi), (z): Arrays of
samples;
® D, 3 built by autodiff
(see later).

We start with an abstract
notion of Operator (that
encompasses D, B)
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Definition

Field = Array -> Array #type
op: Field -> Field #type UOperator

How to insert a Pmodel u ?

def op_u_factory(u: Pmodel, op:
— Operator):
def op_u(theta: PyTree, x: Array):
return op(lambda z: u(theta,
— 2z))(x)

return op_u

Key fact: op_u is also a Pmodel!
¢ Can be vectorized (jax.vmap)

® Can be auto-differentiated

Abstract operators

What if op_u has parameters ?

p_op: [Field, PyTree]l -> Field #type POperator

1
2

e Offline

# Given alpha (PyTree)
op: Operator = lambda v: p_op(v, alpha)

® Online

def p_op_up_factory(u: Pmodel, op: Operator):
def p_op_u(theta: PyTree, x: Array, alpha:
< PyTree):
return op(lambda z: u(theta, z),
— alpha) (x)
return p_op_u
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Partial derivatives by AD
Computation of J;v, v : R" — R™:

Computing differential operators in JAX

def dd(v: Field, i) -> Field:
def dv_i(x):
e_i = jnp.zeros_like(x).at[i].set(1.)
_, dv_ix = jax.jvp(v, (x,), (e_i,))
return dv_ix
return dv_i

N O O W N =

Higher orders by induction
Computation of 9jv:

# Given v a Field
v_ij = dd(dd(v,j), i)

Example: heat operator
Dlu](t, x) = Oru(t,x) — Kk Oxxu(t, x).

def heat_operator(v: Field, kappa) -> Field:
v_t = dd(v, 0)
v_xx = dd(dd(v, 1), 1)

def heat_v(tx):
return v_t(tx) - kappa * v_xx(tx)
return heat_v

Computational remarks

® Chaining dd may become expensive.
jax.experimental. jet is an
appealing alternative.

® We may also use more efficient
techniques for some PDEs (e.g., the

Laplacian, cf. practical session) 12/23



Effective PINNs training implementation
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= e e
w N = O

Building the loss ...

PINNs loss: 2(9) = ;l\}Q (D[Ua] - f) (x)? + %NL (B[Uﬁ] - g) (Zj)2
is a special case of an abstract loss: Lef ze: Z ((9 [ua](x7) — fk(X,-s))2

Implementation

s=1i=1

def loss_factory(u: Pmodel, ops:

Iterable[Operators], fs: Iterable[Fields]):

v_op_us = [jax.vmap(op_u_factory(u, op), (None, 0)) for op in ops]
v_fs = [jax.vmap(f, (0,)) for f in fs]
def loss(theta: PyTree, samples: Array, weights: Iterable[float]):

cumulative_loss = 0.

for v_op_u, v_f, sample, weight in zip(v_op_us, v_fs, samples, weights):
op_u_eval = v_op_u(theta, sample)

f_eval = v_f(sample)

residual = op_u_eval - f_eval
loss_op = jnp.mean(residual ** 2)
cumulative_loss += weight * loss_op

return cumulative_loss / 2
return loss
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Simply apply jax.grad

Given:

-loss (obtained with loss_factory)
-theta (PyTree)

-samples (Array)

-weights (Iterable[float])

grad_loss = jax.grad(loss)

grad_loss_eval = grad_loss(theta, samples,
— weights) #Pylree

B OR R B R

Last issue: update theta

Use jax.flatten_util.ravel_pytree
(should be imported separately!)

N O U R W N =

from jax.flatten_util import ravel_pytree
flat_theta, unravel_theta =
— ravel_pytree(theta)

® flat_theta: Array representing
theta (arithmetic is applicable)

10

and its gradient

® unravel_theta: Array ->
PyTree, such that
unravel_theta(flat_theta) == theta #7rue

We can now train our PINN !

# minimal training loop
# Given:
# —etas (Iterable): learning rates
# -nsteps (int): number of training steps
for i in range(nsteps):
eta = etas[i]
grad_loss_eval = grad_loss(theta, samples,
— weights)
flat_theta, unravel_theta =
— ravel_pytree(theta)
flat_grad, _ = ravel_pytree(grad_loss_eval)
theta = unravel_theta(theta - eta *
— flat_grad)
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Natural Gradient Implementation
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What we need? Computing the Jacobian for Natural Gradient

Given a parametric model v,

Jo = (09, u(x;))

psi

Then:
1 ~ ~
@:ng, Vel = GiVoL.

When using (abstract) operators

Compute for each operator O:

JS = (89p05[Ue](Xi))p7i? G5 = 1\1/5

Then the full Gram reads:

Gy = Z)\SGGS.

55"

10
11
12

Forward-mode implementation

def jac_linearize_factory(u):

def jac(theta: PyTree, samples: Array):
flat_theta, unravel =
— ravel_pytree(theta)

def batch_u(p):

return jax.vmap(u, (None,

< 0))(unravel(p), samples)
_, tangent_fn = jax.linearize(batch_u,
— flat_theta)

# P forward passes

can_basis = jnp.eye(flat_theta.size)

return jax.vmap(tangent_fn) (can_basis)
return jac
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Computing the Jacobian for Natural Gradient

Efficient reverse-mode version

def jacrev_factory(u):
def jac(theta: PyTree, samples: Array):
flat_theta, unravel = ravel_pytree(theta)

def u_flat(p, x):
return model(unravel(p), x)

jac_x = jax.jacrev(u_flat, argnums=0)
J = jax.vmap(jac_x, (None, 0))(flat_theta,
< samples)

return J.reshape((flat_theta.size, -1))
return jac

Running time comparison

fwd mod: 67.1 ms + 3.32 ps per loop
rev mod: 256 ns + 7.15 ps per loop

Warning
Do not apply jacrev after vmap:

jax.jacrev(lambda p: vmap_model(p,
— xs)) (flat_p)

This materializes the whole batched
Jacobian at once and may trigger:
RESOURCE_EXHAUSTED: Out of memory
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Empirical motivation
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141D Heat equation
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Figure: Performance comparison w.r.t running
time for Heat equation in 1+1D:

Oeu — 20u=0 in [0,1]?
on [0,1] x {0,1}
on {0} x [0,1]

u=0
u = sin(mx)

Ot — 1073 Qe = 5(u — u®)
u=-1
u(0, x) = x? cos(mx)

141D Allen-Cahn equation
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Figure: Performance comparison w.r.t running
time for Allen-Cahn equation in 1+1D:

in Q=1[0,1] x [1,

Note: E-NGD refers to Miiller and Zeinhofer2023). ANaGRAM to Schwencke and Furtlehner2025).

1

on 09 =[0,1] x {—1,1
on 09 = {0} x [-1,1]
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Experiment

Train Loss

Ly Error

AMStraMGRAM f

ANaGRAM

AMStraMGRAM

ANaGRAM

Heat Equation

6.29e-29 + 6.78e-30

8.56e-11 £ 7.05e-11

2.32e-14 £ 1.14e-14

1.28e-06 + 1.75e-06

Laplace 2D 1.46e-28 + 1.87e-29 4.27e-13 4+ 4.66e-13 2.24e-15 + 2.52e-16 3.49e-09 + 3.58e-09
Laplace 5D 2.04e-08 + 1.16e-08 6.37e-08 + 7.01e-08 2.12e-05 + 8.15e-06 4.00e-05 + 2.93e-05
Allen—Cahn 3.19e-11 + 2.37e-11 2.19e-04 + 4.16e-04 5.87e-05 + 6.25e-06 4.32¢-03 + 5.93e-03
Experiment Train Loss Ly Error

AMStraMGRAM 1 SSBroyden *

AMStraMGRAM 1 SSBroyden *

1.5e-06 + 9.43e-7 1.59e-06 £ 1.02e-6
6.81e-10 &+ 1.41e-09 9.29e-12 + 5.85e-12
5.87e-05 + 6.25e-06 3.94e-06 + 1.72e-06

2.92e-10 & 1.45e-10
3.03e-16 £ 3.82e-16
6.42e-12 + 5.52e-12

2.99e-12 + 9.26e-13
8.51e-24 + 2.24e-24
3.19e-11 + 2.37e-11

Burgers (1+1D)
Non-Linear Poisson
Allen—Cahn

* refers to the order two method of Urban et al.2025), with adaptive sampling and hard constraint
enforcement on boundary conditions.
1 refers to Schwencke et al.2025)
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Takeaways

@ Always think from a functional perspective (matches both the theory and effective
implementation)

@® Defining abstract coding concepts (Pmodel, Operator, Field) helps the
implementation.

© AD is an efficient way of defining the differential operators.

O Always vectorize!

@ Use Natural Gradient!

Not covered (see practical session):
® regularization
® linesearch

Thank you for your attention !  Questions welcome.

ScimBa
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